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Abstract: We study the one-loop anomalous dimensions of operators in the N =
4 super Yang-Mills theory that are dual to open strings ending on giant gravitons.
We consider both AdS and sphere giants as well as boundstates of them. The open
strings we consider carry angular momentum on an S3 embedded in the S5 of the
AdS5×S5 background. The main result of this article is that we derive a bosonic lattice
Hamiltonian that describes the one loop mixing of the operators dual to the general
excited giant graviton system. A semiclassical analysis of the Hamiltonian allows us
to give a geometrical interpretation for the labeling used to describe the gauge theory
operators. We also argue that AdS giant gravitons are unstable against the excitations
considered.
Keywords: Giant Gravitons, AdS/CFT correspondence, Cuntz oscillator chains,
super Yang-Mills theory.
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1. Introduction
Giant gravitons[1] provide an ideal laboratory in which non-perturbative effects in string
theory can be studied. The operators dual to giant gravitons moving in the AdS5×S5
background are known[2],[3],[4]; further, they enjoy non-renormalization properties, so
that certain computations done at weak coupling can reliably be extrapolated to strong
coupling. This is important since we would like to compare field theory results (which
we obtain at weak coupling where we can actually do calculations) with results from
the dual quantum gravity defined on a large space with small curvature (which should
reproduce the strong coupling dynamics of the quantum field theory)[5].
The giant gravitons we consider in this article correspond to 1
2
BPS operators in
the N = 4 super Yang-Mills theory. These giant gravitons can be excited by attaching
open strings to them. Operators dual to the open string plus giant graviton system
were proposed in [6]1. Since the worldvolume of a giant graviton is a compact space,
the Gauss law imposes strict constraints on the allowed open string excitations. It is
a nontrivial piece of evidence for the proposal of [6], that the operators dual to the
open string plus giant system are perfectly consistent with these constraints. Recently,
a graphical notation for these operators together with the technology to compute free
field theory correlation functions has been developed in [15]. Our goal in this article is
to obtain the one loop matrix of anomalous dimensions of these operators.
In a remarkable paper, Minahan and Zarembo[16] showed that the spectrum of one
loop anomalous dimensions of operators dual to closed string states, in a subsector of
the theory, gives rise to an integrable SO(6) spin chain. This result was generalized to
include the full set of local operators of the theory[17]. The full planar one loop spec-
trum of anomalous dimensions gives an integrable spin chain model that can be solved
by Bethe-Ansatz techniques[17]. A similar approach for operators dual to open strings
is frustrated by the fact that, since the open string and giant can exchange momentum,
the number of sites of the open string lattice becomes a dynamical variable2. This was
circumvented in [9] by introducing a Cuntz oscillator chain. Restricting to the SU(2)
sector, the spin chain is obtained by mapping one of the matrices, say Z, into a spin up
1See [7],[8],[9],[10],[11],[12],[13], [14] for further studies of non-BPS excitations. Some of these
excitations have been interpreted as open strings attached to giant gravitons.
2An exception to this is the case of an open string attached to a maximal giant graviton[8].
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and the other, say Y , into a spin down. In contrast to this, the Cuntz chain uses the Y s
to set up a lattice which is populated by the Zs. Thus the number of sites in the Cuntz
chain is fixed; the fact that the open string can exchange momentum with the giant is
reflected in the fact that there are sources and sinks (at the endpoints of the string)
for the particles on the chain. The precise structure of these boundary interactions is
rather complicated; indeed since the brane can exchange momentum with the string,
the brane will in general be deformed by these boundary interactions. The goal of this
article is to determine this Cuntz chain Hamiltonian for a single string attached to
an arbitrary system of giant gravitons. In particular, this entails accounting for back
reaction on the giant graviton.
In section 2 we start by recalling the definition of the operators dual to a giant
graviton with a single string attached. This allows us to introduce the notation we
use for Cuntz chain states. We also recall the bulk terms in the Cuntz oscillator
chain Hamiltonian that are independent of the brane system that the open string is
attached to. In section 3 we describe how to obtain the boundary interaction terms
in the Hamiltonian for an arbitrary open string/brane bound state system. Section
4 discusses the numerically tractable toy model obtained by considering a string with
a single site. We come to the disappointing conclusion that our Hamiltonian does
not accurately describe the open string dynamics for this toy model. In section 5 we
obtain sigma models that describe the continuum limit of our Cuntz chains. Our results
suggest that the AdS giant gravitons are unstable. Finally, in section 6, we present our
conclusions.
2. Attaching Open Strings to Giant Gravitons
In this section we will introduce the operators in N = 4 super Yang-Mills theory that
are dual to an open string plus giant graviton system. These operators were originally
introduced in [6]. Our goal in this article is to obtain the one loop matrix of anomalous
dimensions of these operators. We will do this by mapping the spectrum of anomalous
dimensions into a Cuntz oscillator chain model[9]. The dynamics of the Cuntz chain
has two contributions, one coming from the bulk of the string and one from the end
points. The bulk terms, which are independent of the details of the brane the open
string is attached to, are known[9]. These bulk terms are briefly reviewed in this section.
The end point interactions describe how the open string interacts with the giant it is
attached to, and consequently, depends sensitively on the details of the brane state.
One of the main results of this article is the computation of these end point interactions.
This is dealt with in the next section.
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We study the Lorentzian N = 4 super Yang-Mills theory on R × S3. The 1/2-
BPS (and systematically small deformations of these) states of the theory on R × S3
can be described in the s-wave reduction of the Yang-Mills theory, i.e. in a matrix
quantum mechanics [4]. According to the state-operator correspondence of conformal
field theory, the generator associated to dilatations on R4 becomes the Hamiltonian for
the theory on R× S3. The action of N = 4 super Yang-Mills theory on R × S3 is
S =
N
4πλ
∫
dt
∫
S3
dΩ3
2π2
(
1
2
(Dφi)(Dφi) +
1
4
([φi, φj])2 − 1
2
φiφi + . . .
)
,
where λ = g2YMN is the ’t Hooft coupling, i, j = 1, ..., 6 and . . . are the fermion and the
gauge kinetic terms in the action which we will not need here. The mass term arises
from conformal coupling to the metric of S3. Group the six real scalars into three
complex fields
Z = φ1 + iφ2, Y = φ3 + iφ4, X = φ5 + iφ6.
In what follows we use these complex combinations.
2.1 Operators dual to Excited Giants
The dual of a giant graviton is a Schur polynomial[3]3
χR(Z) =
1
n!
∑
σ∈Sn
χR(σ)Tr (σZ
⊗n), (2.1)
Tr (σZ⊗n) = Z i1iσ(1)Z
i2
iσ(2)
· · ·Z in−1iσ(n−1)Z iniσ(n).
Schur polynomials are labeled by Young diagrams, denoted R above. A Schur poly-
nomial labeled by a Young diagram with a single column of length O(N) is dual to
a sphere giant[2]; a Schur polynomial labeled by a Young diagram with a single row
of length O(N) is dual to an AdS giant[3],[12]. It is natural to guess that a Schur
polynomial labeled by a Young diagram with O(1) columns and O(N) rows is dual to a
bound state of sphere giants and that a Schur polynomial labeled by a Young diagram
with O(N) columns and O(1) rows is dual to a bound state of AdS giants.
One can excite giant gravitons by attaching open strings to them. Each open
string is described by a word, W , with O(
√
N) letters. These letters can in principle
be fermions, Higgs fields or covariant derivatives of these fields. We will consider open
3In this paper we study the theory with gauge group U(N). For the extension to gauge group
SU(N), one needs to account for the fact that the Zs in this case are traceless. See [18] for further
details.
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strings moving with a large angular momentum on the S5, in the direction correspond-
ing to Y . The number of Y fields tells us the spacetime angular momentum of the
string state. To describe strings moving with a large angular momentum on the S5,
take words with O(
√
N) Y letters in the word. To describe different string states, insert
letters into this word. The remaining letters can be put into a correspondence with
oscillators of the string worldsheet theory[7]. In this article we will consider only the
open string states obtained by inserting Z Higgs fields so that the open strings can
have a component of angular momentum in the direction of the giant. Our labeling for
the open string words is the following (there are L+ 1 Y s in W )
(W ({n1, n2, · · · , nL}))ij = (Y Zn1Y Zn2Y · · ·Y ZnLY )ij.
Geometrically we are thinking of the Y ’s as forming a lattice that is populated with
Z’s. The numbers ni give the occupation number representation of the Zs in this
lattice. The BMN loops[20] are given by moving to momentum space on this lattice.
The endpoints of the open string are given by the first and L + 1th Y of the above
word.
The proposal of [6] for the operators dual to excited giant gravitons inserts the
words (W (a))ji describing the open strings (one word for each open string) into the
operator describing the system of giant gravitons
χ
(k)
R,R1
(Z,W (1), ...,W (k)) =
1
(n− k)!
∑
σ∈Sn
Tr R1(ΓR(σ))Tr (σZ
⊗n−kW (1) · · ·W (k)), (2.2)
Tr (σZ⊗n−kW (1) · · ·W (k)) = Z i1iσ(1)Z i2iσ(2) · · ·Z
in−k
iσ(n−k)
(W (1))
in−k+1
iσ(n−k+1)
· · · (W (k))iniσ(n) .
The label R of the giant graviton system is a Young diagram with n boxes, i.e. it also
labels a representation of the symmetric group Sn. ΓR(σ) is the matrix representing
σ in irreducible representation R of Sn. The representation R1 is a Young Diagram
with n− k boxes, i.e. it labels a representation of Sn−k. By taking an Sn−k subgroup
of Sn (there are many different ways to get this subgroup - see [6],[15]), R1 will be
one of the representations subduced. Tr R1(·) is an instruction to trace only over the
subduced R1 subspace. In [15] this operator was called a restricted Schur polynomial
of representation R with R1 the representation of the restriction. The number of boxes
in R1 gives the number of Z’s in the giant system. Further details of the construction
of this operator are not needed in this article. We refer the interested reader to [15] for
additional details. In this article we consider the case of a single string, that is, k = 1.
We will use K to denote the total number of Z fields in the operator χ
(1)
R,R1
(Z,W )
and J to denote the number of Z fields in W . Thus, R1 has a total of K − J boxes.
– 5 –
Figure 1: The Young diagram shown labels an excited bound state of sphere giants. There
is a single open string attached to column i.
It is only when J + L is O(
√
N) and K is O(N) that we can interpret χ
(1)
R,R1
(Z,W ) as
dual to a string plus brane system.
Since R1 is obtained fromR by removing a single box, we have specified the operator
dual to an excited giant graviton if we have given R, the open string word and have
stated which box is to be removed to obtain R1. We will use the graphical notation
of [15] in which the operator is labeled by the Young diagram R itself, and the box to
be removed is indicated by writing the open string word W in it. In figure 1 we have
shown the label for a bound state of sphere giants with a single string attached. Later
by employing the state operator correspondence of the conformal field theory, we will
obtain a Cuntz oscillator chain. Instead of drawing this label, we will denote the state
that corresponds to this operator by |b0, b1, ..., bn−1;W ; i〉. The case n = 1 has been
studied in detail[6],[7],[8],[9],[11]. We will extend the analysis to n > 1.
In figure 2 we have shown the label for a bound state of AdS giants with a single
string attached. After employing the state operator map to obtain the Cuntz oscillator
chain, we will replace this operator by a corresponding state. We denote the state by
|a0, a1, ..., an−1;W ; i〉 instead of drawing the label. The case n = 1 was considered in
[12]. However, even for n = 1, the analysis we perform here is different. For our analysis,
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Figure 2: The Young diagram shown labels a excited bound state of AdS giants. There is
a single open string attached to row i.
the open string word is a lattice made using the Y ’s; we then populate this lattice with
Z’s. In [12], the open string word is a lattice built using covariant derivatives; again
this lattice is populated with Z’s. Physically our open strings have a large momentum
on an S3 contained in the S5 while the strings of [12] have a large momentum on the
S3 contained in the AdS5 space.
2.2 Parameter Scaling
We are interested in determining the mixing matrix of anomalous dimensions for the
operators dual to excited giant gravitons with a single string attached. To obtain
operators dual to giant gravitons, we take b0 to be O(N) and bi i = 1, ..., n − 1 to be
O(1) for the sphere giants and a0 to be O(N) and ai i = 1, ..., n− 1 to be O(1) for the
AdS giants. We want to compute this mixing matrix to one loop and at large N . This
is a hard problem: since the number of fields in the giant graviton is O(N), the planar
approximation fails. To get an accurate result, we need to contract all of the fields in
the two giant gravitons exactly. The number of fields in each word W is J + L ≈ L
in the case that J ≪ L which we assume. If the W is to be dual to an open string,
we need to take L ∼ O(√N). We will not contract the open strings words exactly -
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only the planar diagrams are summed. To suppress the non-planar contributions, we
need to take L
2
N
≪ 1. Concretely, we have a double scaling limit in mind, in which the
first limit takes N →∞ holding L2
N
fixed and then the second limit takes the effective
genus counting parameter L
2
N
to zero. In the dual string theory, taking the limits in this
way corresponds to taking the string coupling to zero, in the string theory constructed
in a fixed giant graviton background. Finally, we will drop contributions coming from
contractions between Zs in the open string W and Zs associated to the brane system.
When computing two point functions in free field theory, as long as the number of
boxes in the representation R is less than O(N2) and the numbers of Z’s in the open
string is O(1), the contractions between any Zs in the open string and the rest of the
operator are suppressed in the large N limit[22]. To ensure that the number of boxes
in the representation R is less than O(N2), we also assume that n is O(1).
Other interesting parameters to consider are N − b0 and N + a0. The parameter
N − b0 can scale as O(N), O(
√
N) or O(1). We will see, from the results of section 3,
that when N − b0 is O(1) the sphere giant boundary interaction is O( 1N ), when N − b0
is O(
√
N) the boundary interaction is O( 1√
N
) and when N − b0 is O(N), the boundary
interaction is O(1). Since we are interested in the dynamics arising from the boundary
interaction, we will assume that N − b0 is O(N). The boundary interaction is always
O(1) for the AdS giants because a0 +N is always O(N).
Our analysis is only valid if J is O(1). Cases in which J becomes large correspond
to the situation in which a lot of momentum is transferred from the giant to the open
string, presumably signaling an instability. The value of J is not a parameter that
we can choose; it is determined by the dynamics of the problem. In what follows, we
solve for the value of J . In cases where it turns out to be O(1), it can be dropped
and back reaction on the giant is not important. In cases where J is large, back
reaction is important and the approximations we are employing are no longer valid.
The assumption that we can drop non-planar contributions when contracting the open
string words breaks down, essentially because as more and more Zs hop onto the open
string, it is starting to grow into a state best described as a giant graviton. One can
also no longer neglect the contractions between any Zs in the open string and the rest
of the operator, presumably because the composite system no longer looks like a string
plus giant (which can be separated nicely) but rather, it looks like one large deformed
membrane.
The process in which the word W “fragments” thereby allowing Y s to populate
more than a single box in R corresponds to a splitting of the original string into smaller
strings, which are still attached to the giant. This process was considered in [15]; it
does not contribute in the large N limit. Finally, there is also a process in which the
open string detaches from the brane system and is emitted as a closed string state, so
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that it no longer occupies any box in R. This process also does not contribute in the
large N limit[15].
In what follows we use the results of [15] to contract the fields in the two giant
gravitons exactly, and we contract the open string words planarly ignoring contractions
between Zs in the open string and the rest of the operator.
2.3 Cuntz Chain Model
As usual, we can decompose the potential for the scalars into D terms and F terms.
The advantage of this decomposition is that for the operators we study here, it is known
that at one loop, the D term contributions cancel with the gauge boson exchange and
the scalar self energies[21]. Consequently we will only consider the planar interactions
arising from the F term.
For any conformal field theory, we can trade our (local) operators for a set of states.
Concretely, this involves quantizing with respect to radial time. Considering a fixed
“radial time” slice we obtain a round sphere. In this process, we trade the conformal
dimension of our operator for the energy of the corresponding state. As discussed
above, we interpret the Y fields in the operator as a “lattice” which can be populated
by inserting impurities (in this case Z’s) into the lattice (between the Y ’s). The F
term interaction preserves the number of Y ’s (the lattice is not dynamical) and allows
impurities to hop between neighboring sites. This interpretation thus maps the problem
of determining the anomalous dimensions of operators in the super Yang-Mills theory
into the dynamics of a Cuntz oscillator chain. The bulk interactions are described by
the Hamiltonian
Hbulk = 2λ
L∑
l=1
aˆ†l aˆl − λ
L−1∑
l=1
(aˆ†l aˆl+1 + aˆlaˆ
†
l+1), (2.3)
where
aˆiaˆ
†
i = I, aˆ
†
i aˆi = I − |0〉〈0|.
We will not rederive this Hamiltonian. The interested reader is referred to [11] for the
details of this derivation. The first term in the Hamiltonian tells us that each occupied
site contributes 2λ to the energy. Notice that this contribution is independent of the
number of impurities occupying the state, which is a direct consequence of the fact that
we only sum planar contractions. This is accounted for by assigning Cuntz oscillators
to the impurities, not the standard bosonic oscillators. The next two terms are hopping
terms allowing the impurities to move between sites. Evidently, delocalized impurities
lower the energy. To obtain the full Hamiltonian, we need to include the boundary
interactions arising from the string/brane system interaction. This interaction, which
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introduces sources and sinks for the impurities at the boundaries of the lattice, is
derived in the next section.
3. Boundary Interactions
One of the interactions we can consider allows a Z to hop from the first or last site of
the string onto the giant, or from the giant into the first or last site of the string. In
the process the string exchanges momentum with the giant graviton. In addition to
these momentum exchanging processes, there is also a boundary interaction in which
a Z belonging to the giant “kisses” the first (or last) Y in the open string word so
that no momentum is exchanged. Using the formula derived in appendix A we will
be able to derive the term in the Hamiltonian describing the “hop off” process, in
which a Z hops off the string and onto the giant. Since the Hamiltonian must be
Hermitian, we can obtain the “hop on” term by daggering the “hop off” term. We
obtain the momentum conserving boundary interaction by expressing the kiss as a hop
on followed by a hop off. We end this section by summarizing our result for the Cuntz
oscillator chain Hamiltonian.
3.1 Hop Off Rules
We will start by deriving the hop off interaction, for the case that the open string is
attached to a single sphere giant or a single AdS giant. This will serve both to illustrate
our method and further, to show that we recover the known boundary interaction in
this case. We will then generalize to bound states of giant gravitons. This allows us to
determine the general structure of the hop off interaction.
3.1.1 Single Giant Graviton
The hopping interaction allows impurities to hop off the string and onto the giant.
Concretely, this hop takes
W ({n1, n2, · · · , nL})→ ZW ({n1 − 1, n2, · · · , nL}) or
W ({n1, n2, · · · , nL})→W ({n1, n2, · · · , nL − 1})Z.
To determine the corresponding term in the interaction Hamiltonian, we need to be
able to express objects like χ
(1)
R,R1
(Z,ZW ) in terms of χ
(1)
S,S1
(Z,W ). Using the formulas
in appendix A, we have
χ
w
− χ Tr (w) = −χ
v
, v = Zw,
– 10 –
χ w − χ Tr (w) = χ v , v = Zw.
Using (1b0) to denote the Young diagram with a single column of b0 boxes
4 and (a0)
to denote the Young diagram with a single row of a0 boxes, the above relations can be
rewritten, in general, as
χ
(1)
(1b0+1),(1b0 )
(Z,W )− χ(1b0 )(Z)Tr (W ) = −χ(1)(1b0 ),(1b0−1)(Z,ZW ), (3.1)
χ
(1)
(a0+1),(a0)
(Z,W )− χ(a0)(Z)Tr (W ) = χ(1)(a0),(a0−1)(Z,ZW ). (3.2)
We would like to rewrite these statements in terms of the states of the Cuntz oscillator
chain. It is convenient to normalize the states of the Cuntz oscillator chain. Normalized
states correspond to operators whose two point function is normalized. Using the
technology of [15] it is a simple task to compute the equal time correlator. Using the
propagators
〈Z†ij(t)Zkl(t)〉 =
4πλ
N
δilδjk = 〈Y †ij(t)Ykl(t)〉,
we obtain
〈(χ(1)
(1b0+1),(1b0 )
(Z,W ))†χ(1)
(1b
′
0+1),(1b
′
0 )
(Z,W ′)〉 =
(
4πλ
N
)b0+h
δb0b′0δWW ′N
h−1(b0 + 1)
N !
(N − b0 − 1)! , (3.3)
where we have used h = J + L to denote the number of fields in W . This is not the
exact result for the two point function. In the language of [15], the F1 open string
contraction has been dropped. Relative to the leading term, the dropped term is of
order (this is an upper bound for the dropped term, obtained by assuming that the
word is made only out of one type of field; if there are both Zs and Y s in W , this
number is typically reduced by a factor of h)
h(N − b0)
N(b0 + 1)
.
Further, we have only summed the planar diagrams when contracting W and W ′. If
any of the h fields in W are Zs, we can have contractions between these fields and
the Z fields appearing in the giant. These contractions have been dropped. When
computing two point functions in free field theory, as long as the number of boxes in
the representation R is less than O(N2) and the numbers of Z’s in the open string is
O(1), the contractions between any Zs in the open string and the rest of the operator
are suppressed in the large N limit[22]. The delta function δWW ′ is one if the set of
4Thus, (10) 6= (11). (10) is the diagram with no boxes; (11) has one box.
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occupation numbers of the two open strings are equal and is zero otherwise. Next,
consider (this is again an upper bound obtained by assuming that the word W is made
only out of one type of field)
〈(χ(1b0 )(Z)Tr (W ))†χ(1b′0 )(Z)Tr (W ′)〉 =
(
4πλ
N
)b0+h
δb0b′0δWW ′hN
h N !
(N − b0)! . (3.4)
Compare (3.4) to (3.3)
hNh N !
(N−b0)!
Nh−1(b0 + 1) N !(N−b0−1)!
=
Nh
(b0 + 1)(N − b0) . (3.5)
This is clearly subleading in our case where b0 ∼ O(N), N − b0 ∼ O(N) and h ∼
O(
√
N). In this regime of the parameters the subleading term is naturally interpreted
as a state containing a giant graviton and a closed string. The fact that these closed
string contributions are subleading and hence do not contribute in the leading order
is a general conclusion valid in all of the situations we consider in this article. The
correspondence between operators and (normalized) states of the Cuntz oscillator chain
is
χ
(1)
(1b0+1),(1b0 )
(Z,W ))↔
√(
4πλ
N
)b0+h
Nh−1(b0 + 1)
N !
(N − b0 − 1)! |b0 + 1;W ; 1〉.
The hop off interaction acts as
H|b0 + 1;W ({n1, n2, · · · , nL}); 1〉 → |b0 + 1;ZW ({n1 − 1, n2, · · · , nL}); 1〉.
After dropping the closed string contributions, writing things in terms of the states
of the Cuntz oscillator chain, and employing (3.1) we obtain (we want to consider the
hop off process for a giant with momentum b0 and hence we start with a single column
containing b0 + 1 boxes; this is not the complete hop off interaction - we have only
shown the term obtained when a Z hops out of the the first site)
H|b0 + 1;W ({n1, n2, · · · , nL}); 1〉 = −
√
1− b0
N
|b0 + 1;ZW ({n1 − 1, n2, · · · , nL}); 1〉
= −
√
1− b0
N
|b0 + 2;W ({n1 − 1, n2, · · · , nL}); 1〉. (3.6)
If we introduce the operator Aˆ† that increases the number of Zs in the giant by 1, the
boundary hop off interaction can be written as (this term in the Hamiltonian is positive
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because the piece of the F term that generates this interaction is negative and we have
a − sign in our rule (3.6))
H = λ
√
1− b0
N
Aˆ†aˆ1. (3.7)
This interaction Hamiltonian vanishes for the maximal giant[8] and is highly suppressed
for giants which are close to maximal[9]. Notice that the interaction is not proportional
to the number of Z’s in the giant. For this reason, we choose the oscillator Aˆ† to be a
Cuntz oscillator
AˆAˆ† = I, Aˆ†Aˆ = I − |0〉〈0|.
Since the total number of Zs in the operator is conserved, b0 is the difference between
the total number of Zs (= K) and the number of Zs on the string. This gives the
expression
b0 = K −
∞∑
n=1
L∑
l=1
(aˆ†l )
n(aˆl)
n.
Finally, since the impurity can either hop out of the first or the last sites, we can write
the complete hop off interaction, for a string attached to a single sphere giant, as
H = λ
√
1− K −
∑∞
n=1
∑L
l=1(aˆ
†
l )
n(aˆl)n − 1
N
(Aˆ†aˆ1 + Aˆ
†aˆL).
For the AdS giants, the relevant two point functions are
〈(χ(1)(a0+1),(a0)(Z,W ))†χ
(1)
(a′0+1),(a
′
0)
(Z,W ′)〉 = δa0a′0δWW ′Nh−1(a0+1)
(N + a0)!
N !
(
4πλ
N
)a0+h
,
〈(χ(a0)(Z)Tr (W ))†χ(a′0)(Z)Tr (W ′)〉 = δa0a′0δWW ′hNh
(N + a0 − 1)!
N !
(
4πλ
N
)a0+h
.
In the first correlator we have again dropped the F1 open string contraction; relative
to the leading term it is of order (this is again using an upper bound for the dropped
term, obtained by assuming that the open string word is made only out of one type of
field)
h(N + a0)
N(a0 + 1)
,
which is subleading for h ∼ O(√N) and a0 ∼ O(N). Looking at the second correlator
we again conclude that the closed string contribution is subleading. Writing (3.2) in
terms of states of a Cuntz oscillator chain state, we obtain (we want to consider the hop
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off process for a giant with momentum a0 and hence start with a single row containing
a0 + 1 boxes; this term is obtained if Z hops out of the first site)
H|a0 + 1;W ({n1 + 1, n2, · · · , nL}); 1〉 =
√
1 +
a0
N
|a0 + 2;W ({n1, n2, · · · , nL}); 1〉.
Again, it is a simple matter to modify the above argument to prove that (this term is
obtained if Z hops out of the last site)
H|a0 + 1;W ({n1, n2, · · · , nL + 1}); 1〉 =
√
1 +
a0
N
|a0 + 2;W ({n1, n2, · · · , nL}); 1〉.
Using these identities, we find that the hop off interaction, for a string attached to a
single AdS giant, is
H = −λ
√
1 +
K −∑∞n=1∑Ll=1(aˆ†l )n(aˆl)n − 1
N
(Aˆ†aˆ1 + Aˆ
†aˆL). (3.8)
Notice that now the interaction is enhanced as the momentum of the giant grows,
in contrast to the sphere giant. This structure of the boundary interaction was also
obtained in [12], where the Zs hop on a lattice made from covariant derivatives. The
relative sign difference between (3.7) and (3.8) is not meaningful; it can be eliminated,
for example, by redefining the phases of the sphere giant states.
3.1.2 Boundstate of Giants
The first boundstate we will consider is a boundstate of two sphere giants. A Young
diagram with b0 + b1 boxes in the first column and b0 boxes in the second column will
be denoted as (2b01b1). Then, using the formula derived in appendix A, a little algebra
shows that
χ
(1)
(2b01b1 ),(2b01b1−1)
(Z,ZW ) = −b1(b1 + 2)
(b1 + 1)2
[
χ
(1)
(2b01b1+1),(2b01b1 )
(Z,W )− χ(2b01b1 )(Z)Tr (W )
]
+
b1
(b1 + 1)2
[
χ
(1)
(2b0+11b1−1),(2b01b1 )
(Z,W )− χ(2b01b1 )(Z)Tr (W )
]
, (3.9)
χ
(1)
(2b01b1 ),(2b0−11b1+1)
(Z,ZW ) = − b1 + 2
(b1 + 1)2
[
χ
(1)
(2b01b1+1),(2b01b1 )
(Z,W )− χ(2b01b1 )(Z)Tr (W )
]
− b1(b1 + 2)
(b1 + 1)2
[
χ
(1)
(2b0+11b1−1),(2b01b1 )
(Z,W )− χ(2b01b1 )(Z)Tr (W )
]
. (3.10)
For the limit that we consider, (N − b0 − b1) = O(N), b0 = O(N) and h = O(
√
N),
where we again use h to denote the total number of fields in W . In this case, we again
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find that the closed string contributions are not important in the leading order and can
be dropped. To interpret these formulas it is useful rewrite them, for some particular
values, employing our graphical notation. If b1 = 0, the string can only be attached
to the second column. In this case, the right hand side of (3.9) vanishes. This is as
expected, since the left hand side would correspond to the case that b1 = 0 and we
attached the string to the first column, which is not an allowed state5. Looking at
(3.10), we see that the only surviving term on the right hand side corresponds to the
case that the open string is attached to the first column
χ
x
→ χ
w
, x = Zw.
There is a subleading term (suppressed because b0 is O(N)) which has been dropped.
It has the form
χ
x
→ χ w, x = Zw. (3.11)
The free fermion state corresponding to a Young diagram with the above shape, in
the case that the number of rows is O(N) and the number of columns is O(1), would
contain one fermion just above the Fermi surface and two holes deep in the Fermi sea.
Thus, the interpretation of the right hand side of (3.11) is in terms of a bound state of
sphere giants together with a closed string (graviton) excitation[4],[23]. The fact that
it is O( 1
b0
) = O( 1
N
) is expected because the closed string coupling constant is 1
N
.
In view of this example, we find a natural interpretation for the coefficients
C1b1 =
b1(b1 + 2)
(b1 + 1)2
,
appearing in (3.9) and (3.10). These coefficients switch the interactions off gracefully.
Indeed, C1b1 vanishes when b1 vanishes, but very rapidly approaches 1 as b1 is increased.
These coefficients multiply the terms for which the open string remains attached to the
same giant graviton. As b1 is increased, the remaining coefficients in (3.9) and (3.10)
rapidly approach 1
1+b1
. For these terms, the string swaps from one giant to the other.
Interpret the number of boxes separating the box that the string starts in from the box
that the strings lands up in, as we move on the right hand side of the Young diagram,
5Its not allowed because if you remove the open string you are not left with a valid Young diagram,
i.e. for this state R1 in (2.2) is not a valid label.
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as a distance. This distance is r = 1 + b1, so that the term in which the string swaps
the giant it is attached to is essentially a 1
r
interaction. The brane worldvolume theory
describing the dynamics of the open strings attached to these giants is expected to be
a 3 + 1 dimensional emergent Yang-Mills theory[19],[6]. The 1
r
potential, which would
arise from the exchange of massless particles in 3 + 1 dimensions, thus looks rather
natural. In this article, we will call the limit in which we see these nice simplifications,
the effective field theory limit. This distance r is related to the radial coordinate of the
two dimensional y = 0 plane on which the LLM boundary conditions are specified[23].
Both this distance and the 1
r
interaction were already visible in[15].
Finally, note that in the b1 → 0 limit, the two sphere giants carry exactly the
same momentum. Since their momenta determine their radius, in this limit the two
brane worldvolumes become coincident. Thus the C1b1 coefficient is switching off a short
distance membrane interaction.
We now want to write the boundary interaction term that acts on the Cuntz chain
states corresponding to normalized operators. The two point functions we need to
evaluate are
〈(χ(1)
(2b01b1 ),(2b01b1−1)
(Z,W ))†χ(1)
(2b
′
01b
′
1 ),(2b
′
01b
′
1
−1)
(Z,W ′)〉 =
δb0b′0δb1b′1δWW ′N
h−1 b1b0
b1 + 1
N !(N + 1)!
(N − b0 − b1)!(N − b0 + 1)!
(
4πλ
N
)2b0+b1+h−1
,
〈(χ(1)
(2b01b1 ),(2b0−11b1+1)
(Z,W ))†χ(1)
(2b
′
01b
′
1 ),(2b
′
0
−11b
′
1
+1)
(Z,W ′)〉 =
δb0b′0δb1b′1δWW ′N
h−1 (b1 + 2)b0
b1 + 1
N !(N + 1)!
(N − b0 − b1)!(N − b0 + 1)!
(
4πλ
N
)2b0+b1+h−1
,
〈(χ(1)
(2b01b1 ),(2b01b1−1)
(Z,W ))†χ(1)
(2b
′
01b
′
1 ),(2b
′
0
−11b
′
1
+1)
(Z,W ′)〉 = 0.
The F1 contraction which has again been dropped, is subleading; to verify this, recall
that in the limit we consider b0 = O(N), b1 = O(1), N − b0 − b1 = O(N) and h =
O(
√
N). We can now write down the action of the hop off interaction on the Cuntz
chain states. To write this interaction, again introduce the Cuntz oscillators aˆl and aˆ
†
l
for impurities on the string. It is tempting to introduce a pair of Cuntz oscillators, one
for each giant graviton. We have not employed this description. To motivate why we
have used a different approach, let Aˆi denote the operator that will remove a box from
the ith column and Aˆ†i the operator that will insert a box into the ith column. Thus,
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for example, we have
Aˆ1 = , Aˆ
†
2 = .
When these giant oscillators act on a Young diagram, they must produce another Young
diagram. This requirement implies that, for example
Aˆ1 = 0, Aˆ
†
2 = 0.
Relations like these can be used to show that the oscillators for the the two giants do
not commute. Indeed, to see that Aˆ†1 and Aˆ
†
2 can’t commute note that
Aˆ†2Aˆ
†
1 = , but Aˆ
†
1Aˆ
†
2 = 0.
Due to these complications, we have pursued an alternative description of the
giants. Our alternative description involves associating a one dimensional lattice to
each Young diagram. Our lattice has a total of N sites; each site is occupied by an
arbitrary number of particles. If the Young diagram has O(1) columns that each have
O(N) rows (a bound state of sphere giants), the number of particles in the lattice is
equal to the number of sphere giants in the boundstate. We will refer to this lattice
as the giant lattice to distinguish it from the string lattice. The translation between
the Young diagram and the giant lattice, is given by setting the occupation number of
lattice site i
ni = ri − ri+1, i = 1, . . . , N,
where ri is the number of boxes in the ith row of the Young diagram and we set
rN+1 = 0. There is one marked site - the site that the open string occupies. The
marked site is indicated by writing a bar above the occupation number. Two examples
to illustrate the lattice notation
w
↔ {n1 = 1, n2 = 1¯, n3 = 1} w ↔ {n1 = 3, n2 = 2¯}.
We will label kets of the giant lattice by their occupation numbers. Occupation numbers
that are equal to zero are not displayed. The giant lattice notation is convenient because
adding and subtracting boxes from the diagram has a very natural interpretation:
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adding or subtracting boxes in the first row adds or subtracts particles from the lattice.
Adding or subtracting boxes to any other row does not change the particle number - its
described by particles hopping on the lattice. When we add a box, particles hop from
the ith to the i+1th site; when we remove a box, particles hop from the ith to the i−1th
site. To describe the giant lattice, we can again introduce Cuntz oscillators - Aˆi and
Aˆ†i , i = 1, ..., N - one for each site of the giant lattice. Our original description of single
sphere giants and AdS giants is easily translated into this new language: the dynamics
for the AdS giant is essentially single site dynamics - only the first site participates;
it has occupation number n1 = a0. The dynamics is single particle dynamics for the
sphere giant - the particle occupies the b0th site. Apart from the Cuntz oscillators of
the giant and string lattices, we will introduce a Cuntz oscillator for the open string
itself, denoted Wˆi and Wˆ
†
i . This extra oscillator is needed to keep track of the position
of the string. In terms of these oscillators, we obtain an alternative representation of
the above states. For example
w
↔ {n1 = 1, n2 = 1¯, n3 = 1} ↔ Aˆ†1Wˆ †2 Aˆ†3|0〉.
Notice that the occupied states coincide with the position of the corners of the
Young diagram. We could also have constructed a giant lattice using the number of
boxes in each column. The reason why we have chosen to use the rows instead, is
simply that the number of rows of the Young diagram is bounded by N . If we use the
columns there is no such bound; further, if we try to use only the “occupied columns”
we obtain a description with a dynamical lattice. The number of particles hopping on
this dynamical lattice is equal to the number of AdS giants. From this point of view, the
dynamical lattice appears to be the natural description for AdS giants. See appendix
C for a description of the AdS giants using the dynamical lattice formulation. Notice
that the total number of particles hopping on this dynamical lattice is constrained to
be less than or equal to N .
It is perhaps useful to comment on why the giant lattice provides a good description.
The difficulty with introducing a pair of Cuntz oscillators - one for each column - stems
from the fact that we need to impose a constraint forcing the number of particles
created by the first oscillator to be greater than or equal to the number of particles
created by the second oscillator. Indeed, occupation number states that don’t satisfy
this constraint would correspond to diagrams with more boxes in the second column
than in the first column - this is not a legal Young diagram. With the new giant lattice
description, any occupation number assignment leads to a valid Young diagram.
The action of the hop off interaction Hamiltonian can now be written as (W (1) =
W ({n1, n2, ..., nL}); W (2) =W ({n1− 1, n2, ..., nL}) or W (2) = W ({n1, n2, ..., nL− 1}) if
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we hop off the first or last site respectively) 6
H|{nb0 = 1¯, nb0+b1 = 1};W (1)〉 = λ
[√
1− b0
N
√
C1b1 |{nb0+1 = 1¯, nb0+b1 = 1};W (2)〉
+
√
1− b0 + b1
N
1
b1 + 1
|{nb0 = 1, nb0+b1+1 = 1¯};W (2)〉
]
,
H|{nb0 = 1, nb0+b1 = 1¯};W (1)〉 = λ
[√
1− b0 + b1
N
√
C1b1 |{nb0 = 1, nb0+b1+1 = 1¯};W (2)〉
−
√
1− b0
N
1
b1 + 1
|{nb0+1 = 1¯, nb0+b1 = 1};W (2)〉
]
.
This result is also obtained if we consider the different limit, in which b1 scales as
√
N .
This limit is considered so that we can consider the situation in which the two branes
are well separated in spacetime and hence when we expect that they stop interacting
with each other. In this limit, we have
H|{nb0 = 1¯, nb0+b1 = 1};W (1)〉 ≈ λ
√
1− b0
N
|{nb0+1 = 1¯, nb0+b1 = 1};W (2)〉,
H|{nb0 = 1, nb0+b1 = 1¯};W (1)〉 ≈ λ
√
1− b0 + b1
N
|{nb0 = 1, nb0+b1+1 = 1¯};W (2)〉,
which is just two copies of the hop off interaction we found for the single giant case.
In terms of the Cuntz oscillators, the hop off interaction Hamiltonian can be written
as
H = λ(aˆ1+aˆL)
[
N−1∑
l=1
√
1− l
N
Wˆ †l+1Wˆl
√
C1
bˆ1
+
N∑
l=1
N−1∑
k=1
√
1− k
N
ǫ(k − l)
|k − l|+ 1Wˆ
†
k+1AˆkAˆ
†
l Wˆl
(3.12)
+
N−1∑
l=1
√
1− l
N
Wˆ †l+1Aˆ
†
l AˆlWˆl
]
,
where
bˆ1 =
N∑
k=1
N∑
l=1
|k − l|Aˆ†kAˆkWˆ †l Wˆl,
6In writing this contribution to the Hamiltonian, we have dropped b1
b0
corrections, which are O( 1
N
)
in the limit we consider. The factors b0+b1
N
can be replaced by b0
N
; we did not make this replacement
since by keeping b1 it is clear that these parameters are the momenta of the two giants.
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and
ǫ(k) =


−1 if k < 0
0 if k = 0
+1 if k > 0
.
This hop off interaction acts on the subspace of states of the form
|Ψ〉 =
∑
k,l
αklAˆ
†
kWˆ
†
l |0〉.
The hop off interaction (3.12) allows the open string to hop between rows. Note how-
ever, that the coefficients of these hopping terms vanish for the hopping process which
would allow the open string to hop into the N + 1th row, i.e. acting on a state which
corresponds to a valid Young diagram, the Hamiltonian will produce another state
which corresponds to a valid Young diagram.
Carrying out the same steps for a boundstate of two AdS giants we find
H|{n1 = a0 + a1, n2 = a0};W (1)〉 = −λ
[√
1 +
a0 + a1
N
√
C1a1 |{n1 = a0 + a1 + 1, n2 = a0};W (2)〉
+
√
1 +
a0
N
1
a1 + 1
|{n1 = a0 + a1, n2 = a0 + 1};W (2)〉
]
,
H|{n1 = a0+a1, n2 = a0};W (1)〉 = −λ
[√
1 +
a0
N
√
C1a1 |{n1 = a0 + a1, n2 = a0 + 1};W (2)〉
−
√
1 +
a0 + a1
N
1
a1 + 1
|{n1 = a0 + a1 + 1, n2 = a0};W (2)〉
]
,
for the hop off interaction. Many of the features present for a bound state of two
sphere giants are present in this result: (i) the factors C1a1 gracefully turn off certain
interactions as a1 → 0 and this limit again corresponds to coincident membranes, (ii)
the off diagonal terms display a 1
r
dependence in the effective field theory limit and (iii)
in the large a1 limit, this contribution to the Hamiltonian reduces to two copies of the
hop off interaction for the single giant case.
In Appendix B we give the results for boundstates of three and four giants. From
these results, it is clear that there is a general structure that can be used to write
down the hop off interaction for an arbitrary number of boundstates. Further, the
features just discussed for the boundstate of two giants hold for the general giant
boundstate. If one considers the effective field theory limit in which b0 = O(N) and
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the bi i = 1, 2, ..., n− 1 are O(N0) and ≫ 1, then the hop off term in the Hamiltonian
for n = O(N0) sphere giants takes the particularly simple form
H = λ(aˆ1 + aˆL)
[
N−1∑
l=1
√
1− l
N
Wˆ †l+1Wˆl +
N∑
l=1
N−1∑
k=1
√
1− k
N
ǫ(k − l)
|k − l| Wˆ
†
k+1AˆkAˆ
†
l Wˆl
]
.
This Hamiltonian acts on the subspace of states that have a single open string Wˆ †i
excitation and n− 1 Aˆ†j excitations.
3.2 Hop On Rules
We know that the anomalous dimensions are real. Consequently, the energies from our
Cuntz chain Hamiltonian must be real implying the Hamiltonian must be Hermitian.
Thus, we can obtain the hop on term in the Hamiltonian by taking the Hermitian
conjugate of the hop off term. As an example, the hop on term for a string attached
to a single sphere giant is given by
λ
√
1− b0
N
[
Aˆ†aˆ1 + Aˆ
†aˆL
]†
= λ

(Aˆ†aˆ1 + Aˆ†aˆL)
√
1− bˆ0
N


†
= λ
√
1− bˆ0
N
[
Aˆaˆ†1 + Aˆaˆ
†
L
]
= λ
[
Aˆaˆ†1 + Aˆaˆ
†
L
]√
1− bˆ0 − 1
N
= λ
√
1− b0 − 1
N
[
Aˆaˆ†1 + Aˆaˆ
†
L
]
.
These calculations obviously assume we are working in a basis of states that have the
momentum of the giant as a good quantum number.
For our second example, we consider a bound state of two sphere giants. A useful
identity is
bˆ1
(
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1
)
=
(
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1
)
(bˆ1 − ǫˆ),
where
ǫˆ ≡
N∑
l=1
N∑
k=1
ǫ(k − l)Wˆ †kWˆkAˆ†l Aˆl −
N∑
k=1
Wˆ †kWˆkAˆ
†
kAˆk.
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Figure 3: In the Feynman diagram shown, we have an example of the kissing interaction.
The white ribbons are Z fields, the black ribbons are Y fields. The interacting black ribbon
shown marks the beginning of the string; there are 3 Zs in the first site of the string.
It is now a simple matter to verify that the hop on interaction is
λ
[
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1
√
C1
bˆ1−ǫˆ +
N∑
l=1
N−1∑
k=1
√
1− k
N
ǫ(k − l)
|k − l|+ 1Wˆ
†
l AˆlAˆ
†
kWˆk+1
]
(aˆ†1+aˆ
†
L).
3.3 Hop On and then Off for a Kiss
The terms in our Cuntz chain Hamiltonian generate the Feynman diagrams obtained
by allowing a single F term vertex. The kissing interaction corresponds to the Feynman
diagram shown in figure 3. The number of Z fields in the giant is unchanged by this
process. Since the number of Z fields in the giant determines the momentum of the
giant, the string and brane do not exchange momentum by this process. As far as
the combinatorics goes, we can model the kissing interaction as a hop on (the string)
followed by a hop off. Since we know both the hop on and hop off terms, the kissing
interaction follows. Note that a hop on interaction followed by a hop off interaction
will leave the number of Z fields in the giant unchanged. See figure 4. Although we
have shown the diagrams using the first site of the string for illustration, it is clear that
the argument goes through for the last site as well.
3.4 Complete Hamiltonian
We are now in a position to assemble the complete Hamiltonian, by summing the bulk
terms and the complete set of boundary interactions. In this section we will quote the
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Figure 4: The Feynman diagram shown has a hop on interaction followed by a hop off
interaction. If you shrink the composite hop on/hop off interaction to a point, you recover
the kissing interaction.
Hamiltonians we have obtained. The complete Hamiltonian is
H = Hbulk +Hboundary,
where Hbulk is given in (2.3). For a single sphere giant we have (b0 is the momentum
of the giant)
Hboundary = λ
√
1− b0
N
(Aˆ†aˆ1+Aˆ
†aˆL)+λ
√
1− b0 − 1
N
(Aˆaˆ†1+Aˆaˆ
†
L)+2λ
(
1− b0 − 1
N
)
Aˆ†Aˆ.
For a single AdS giant (a0 is the momentum of the giant)
Hboundary = −λ
√
1 +
a0
N
(Aˆ†aˆ1+Aˆ
†aˆL)−λ
√
1 +
a0 − 1
N
(Aˆaˆ†1+Aˆaˆ
†
L)+2λ
(
1 +
a0 − 1
N
)
Aˆ†Aˆ.
We stress that these Hamiltonians have been written down assuming that we work in a
basis for which the momentum of the giant is a good quantum number. To obtain the
Hamiltonian in a general basis, one can write all factors involving the giant momenta
to the right of the giant creation and annihilation operators, and then replace the
momenta bi and ai by the corresponding number operators.
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For a bound state of two sphere giants (the first column of the Young diagram has
b0 + b1 boxes; the second column of the Young diagram has b0 boxes)
Hboundary = λ(aˆ1+aˆL)
[
N−1∑
l=1
√
1− l
N
√
C1
bˆ1−ǫˆWˆ
†
l+1Wˆl +
N∑
l=1
N−1∑
k=1
√
1− k
N
ǫ(k − l)
|k − l|+ 1Wˆ
†
k+1AˆkAˆ
†
l Wˆl
+
N−1∑
l=1
√
1− l
N
Wˆ †l+1Aˆ
†
l AˆlWˆl
]
+ 2λ
N−1∑
l=1
(
1− l
N
)
Wˆ †l+1Wˆl+1
+λ(aˆ†1+ aˆ
†
L)
[
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1
√
C1
bˆ1−ǫˆ +
N∑
l=1
N−1∑
k=1
√
1− k
N
ǫ(k − l)
|k − l|+ 1Wˆ
†
l AˆlAˆ
†
kWˆk+1
+
N−1∑
l=1
√
1− l
N
Wˆ †l Aˆ
†
l AˆlWˆl+1
]
.
Note that this Hamiltonian preserves both the number of open strings attached to the
bound state and the number of columns (= number of sphere giants). This is not the
case at higher orders in 1
N
- as discussed in section 3.1.2, there is a subleading term
which allows the open string to occupy the first box in the third column (the open
string moves to occupy the first site in the giant lattice). The effective field theory
limit (1≪ b1) of this Hamiltonian is
Hboundary = λ(aˆ1+aˆL)
[
N−1∑
l=1
√
1− l
N
Wˆ †l+1Wˆl +
N∑
l=1, l 6=k
N−1∑
k=1
√
1− k
N
1
k − l Wˆ
†
k+1AˆkAˆ
†
l Wˆl
]
+2λ
N−1∑
l=1
(
1− l
N
)
Wˆ †l+1Wˆl+1 + λ(aˆ
†
1 + aˆ
†
L)
[
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1
+
N∑
l=1, l 6=k
N−1∑
k=1
√
1− k
N
1
k − l Wˆ
†
l AˆlAˆ
†
kWˆk+1
]
. (3.13)
The giant lattice we have been employing is not dynamical. Further, at leading
order, the number of sphere giants is conserved so that the Hamiltonians we have
written are rather simple. In contrast to this, even at leading order, if we use this giant
lattice to describe the dynamics of AdS giants the number of particles on the giant
lattice is not fixed. Using the dual lattice developed in appendix C, we find that at
leading order the number of particles on the dual lattice is fixed and the lattice is not
dynamical. Thus, at leading order, the description of AdS gaints using the language of
appendix C seems to be the simplest. For this reason, we will not pursue the AdS giant
dynamics using our present description. Finally, in the effective field theory limit, for
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n sphere giants in the boundstate and a single open string attached to the boundstate,
it is simple to check that the dynamics is described by (3.13). To obtain this result, we
have assumed that n = O(1) and n≪ bi, i = 0, 1, ..., n− 1. See appendix B for further
details on the effective field theory limit of boundstates of three or four sphere or AdS
giants.
4. Toy Model
To get some insight into the Hamiltonians we have obtained above, we will study a
simple toy model problem in this section: the case that the string has a single site,
i.e. the open string word only has 2 Y s in it. Toy models of this type were introduced
in [11] to study single excited sphere giants and used in [12] to study single excited
AdS giants. Even with a single site, we are not able to solve the energy eigenvalue
problem for a single excited sphere or AdS giant analytically. For a single site, the
numerical computations of the energy eigenvalues and eigenkets is straight forward.
One of the conclusions we reach, based on our numerical results, is that backreaction
on the membrane can not be neglected. The results[11],[12] in the large N limit, after
neglecting back reaction, suggest a continuum of states separated from the ground
state by a gap. Since back reaction is neglected in these studies, the energy eigenvalue
problem amounts to diagonalizing an infinite dimensional matrix. In our approach,
the number of Zs is finite so that there are only a finite number of possible states for
the giant/string system. Thus, our energy eigenvalue problem entails diagonalizing a
finite dimensional matrix. If in the boundary interaction terms we hold the value of
α =
√
1− b0
N
(in the case of the sphere giant) or α =
√
1 + a0
N
(in the case of the AdS
giant) fixed, we are neglecting the change in the giants momentum i.e. we are neglecting
back reaction. In this case, even though we still diagonalize a finite dimensional matrix,
we find good agreement with the results of[11],[12]. Once back reaction is included, the
gap disappears so that including back reaction seems to imply both a quantitative and
a qualitative change of the result obtained ignoring back reaction.
Although our results are suggestive on this point, things are not completely clear:
indeed, we compute the expectation value of the number operator for these energy
eigenstates and find that the planar approximation assumed when computing the open
string word contractions is not accurate. This implies that the single site results ob-
tained from our Hamiltonian can not be trusted.
4.1 Single Sphere Giant
Our numerical analysis entails diagonalizing the matrix representation of the Hamilto-
nian. The system we consider has a total of K Zs in the string/giant system. The ket
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with zeros everywhere except the ith entry is the state with K − i+ 1 Zs on the giant
and J = i− 1 Zs on the string. The matrix representation of the hop off interaction is
given by
−Aˆ†aˆ
√
1− K − Jˆ
N
=


0
√
1− K−1
N
0 . . . 0 0
0 0
√
1− K−2
N
. . . 0 0
0 0 0 . . . 0 0
: : : : : :
0 0 0 . . . 0
√
1− K−K
N
0 0 0 . . . 0 0


.
This is a K + 1 × K + 1 matrix. It is now straight forward to obtain the matrix
representation of the Hamiltonian describing a single excited sphere giant with a single
string attached
H = λ


2
(
1− K−1
N
)
2
√
1− K−1
N
0 . . . 0 0
2
√
1− K−1
N
2 + 2
(
1− K−2
N
)
2
√
1− K−2
N
. . . 0 0
0 2
√
1− K−2
N
2 + 2
(
1− K−3
N
)
. . . 0 0
: : : : : :
0 0 0 . . . 4 2
0 0 0 . . . 2 2


.
One of the things we would like to establish, is the importance of back reaction.
Towards this end, we have also constructed a Hamiltonian that ignores the effects of
back reaction. To ignore the effects of back reaction, we have kept the number of Zs
on the giant fixed, equal to K. Thus, ignoring back reaction, our hop off interaction,
for example, is given by
−Aˆ†aˆ
√
1− K
N
=


0
√
1− K
N
0 . . . 0 0
0 0
√
1− K
N
. . . 0 0
0 0 0 . . . 0 0
: : : : : :
0 0 0 . . . 0
√
1− K
N
0 0 0 . . . 0 0


.
In the case that we ignore backreaction, we should be able to compare to the results
of [11]. An important difference between our work and that of [11], is that in [11] the
matrix representation of the Hamiltonian is an infinite dimensional matrix. This is
simply because an infinite number of Zs can hop off the giant and onto the string. Our
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Figure 5: The energy spectra for a single string attached to a single sphere giant. The
plot shows En versus n. The energy is measured in units of λ. There are a total of 95 Zs
in the string/brane system and N = 100. The solid curve shows the result obtained after
backreaction is included. The result obtained ignoring back reaction is plotted as a dashed
line and the analytic formula of [11] is plotted as a series of dots. The dashed curve is barely
visible under the dots indicating superb agreement between our numerical result and the
result of [11].
matrix representation for the Hamiltonian is a K+1×K +1 matrix, corresponding to
the fact that a maximum of K Z fields can hop onto the string. Despite this difference,
we find convincing agreement between our numerical results ignoring back reaction and
the analytic formula of [11]
E(k) = 2λ(1 + 2α cos(k) + α2), 0 ≤ k ≤ π.
In figure 5 we have shown the energy spectra for K = 95 and N = 100. Our unde-
formed result is in perfect agreement with the analytic result of [11]. Note that we are
comparing normalizable states (the dots in figure 5) to states from the continuum (the
dashed line in figure 5). Since our system is described by a finite Hilbert space, our
states are always normalizable. In support of our assumption that this is a sensible
comparison, note that the portion of the dashed curve describing continuum states is
hidden by the dots. The result obtained when backreaction is taken into account is
noticeably different from the result obtained when back reaction is ignored. In partic-
ular, note that the mass gap obtained when backreaction is ignored, disappears when
back reaction is included.
Our Hamiltonian is not exact. One approximation we have made is to assume
that we need only sum planar diagrams when contracting the open string words. This
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Figure 6: The expectation value 〈Jˆ〉 versus n, for a single string attached to a single sphere
giant, is shown. There are a total of 95 Zs in the string/brane system and N = 100. The
solid curve shows the result obtained taking backreaction into account. The result obtained
ignoring backreaction is plotted as a dashed line.
amounts to assuming that the number of Zs on the open string (= J) is very much
less than
√
N , so that J2/N ≪ 1. We can easily compute 〈Jˆ〉 numerically and see if
the planar approximation is indeed accurate. In figure 6 we have plotted 〈Jˆ〉. Whether
or not backreaction is included, 〈Jˆ〉 is never much below 40 which is well outside the
domain of validity of our Hamiltonian. Our Hamiltonian simply does not provide a
valid description of the single site toy model, except for the ground state. Further, for
these values of the parameters K,N , the interpretation of our system as an open string
attached to a brane is not valid.
An interesting question to ask is what is the time scale of the instability: Starting
with a state corresponding to a string with a finite number of Zs between the Y s, how
long would it take before the dynamics is no longer captured by our Hamiltonian? If
this time scale is long enough, one might be able to ignore non-planar effects for small
time measurements7. To estimate this time scale, recall the quantum brachistochrone
problem: Given an initial quantum state |ψI〉 and a final quantum state |ψF 〉, how does
one achieve the transfomation |ψI〉 → |ψF 〉 = e−iHt/~|ψI〉 in the shortest possible time?
The optimization is with respect to the Hamiltonian, subject to the constraint that the
difference between smallest and largest eigenvalues of H are held fixed. In Hermittian
quantum mechanics, such a transformation always requires a non-zero amount of time.
7We thank David Berenstein for explaining this to us.
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Figure 7: The largest eigenvalue of the energy spectra for a single string attached to a single
sphere giant, as a function of N .
The optimal time is[27]
tinstability =
2
∆E
arccos |〈ψF |ψI〉|,
where ∆E is the difference between the smallest and largest eigenvalues.
Figure 7 shows the numerical result for the largest eigenvalue as a function of N .
From our numerical results, we read off ∆E ≈ 7.9λ. The final state has many Z’s;
the initial state has very few Z’s. It is thus natural to approximate |〈ψF |ψI〉| ≈ 0 and
hence
tinstability =
2
∆E
arccos |〈ψF |ψI〉| ≈ 2
7.9× λ
π
2
≈ 0.4
λ
.
The interpretation of this result is straight forward: increasing λ corresponds to in-
creasing the string tension. In this case, the string has a greater mass and thus offers
increased resistance when the membrane tries to drag it in non-geodesic motion.
4.2 Single AdS Giant
In this subsection we will determine the energy spectrum for a single string attached
to an AdS giant, again by numerical diagonalization of the matrix representation of
the Hamiltonian. If the string plus AdS giant system has a total of K Z fields, the
Hamiltonian is again a K + 1 × K + 1 matrix. The difference between the AdS and
sphere giant problems is due to the fact that the boundary interactions are different.
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Figure 8: The energy spectra for a single string attached to a single AdS giant. The plot
shows En versus n. The energy is measured in units of λ. There are a total of 95 Zs in
the string/brane system and N = 100. The solid curve shows the result obtained after
backreaction is included. The result obtained ignoring back reaction is plotted as a dashed
line and the analytic formula of [12] is plotted as a series of dots. There is clearly superb
agreement between our numerical result and the result of [12].
For the AdS giant, the hop off interaction is given by
Aˆ†aˆ
√
1 +
K − Jˆ
N
=


0
√
1 + K−1
N
0 . . . 0 0
0 0
√
1 + K−2
N
. . . 0 0
0 0 0 . . . 0 0
: : : : : :
0 0 0 . . . 0
√
1 + K−K
N
0 0 0 . . . 0 0


.
It is now straightforward to determine the matrix representation of the Hamiltonian.
We are again interested in determining the importance of including the effects of back-
reaction on the AdS giant. To ignore the effects of back reaction, we again keep the
number of Zs on the brane fixed, leading to the hop off interaction
Aˆ†aˆ
√
1 +
K
N
=


0
√
1 + K
N
0 . . . 0 0
0 0
√
1 + K
N
. . . 0 0
0 0 0 . . . 0 0
: : : : : :
0 0 0 . . . 0
√
1 + K
N
0 0 0 . . . 0 0


.
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Figure 9: The expectation value 〈Jˆ〉 versus n, for a single string attached to a single AdS
giant, is shown. There are a total of 95 Zs in the string/brane system and N = 100. The
solid curve shows the result obtained taking backreaction into account. The result obtained
ignoring backreaction is plotted as a dashed line.
For the case that backreaction is ignored, we can compare to the results of [12]. Just
as for the case of an open string attached to a sphere giant, an important difference
between our work and that of [12], is that in [12] the matrix representation of the
Hamiltonian is an infinite dimensional matrix. Again, this is simply because an infinite
number of Zs can hop off the giant and onto the string. Our matrix representation for
the Hamiltonian is a K +1×K+1 matrix, corresponding to the fact that a maximum
of K Z fields can hop onto the string. The analytic result of [12] for the spectrum is
E(k) = 2λ(1− 2α cos(k) + α2), 0 ≤ k ≤ π.
In figure 8 we have shown the spectra for K = 95 and N = 100. The agreement is
again excellent8.
Just as for the results we obtained for the excited sphere giants, the gap in the
spectrum present when backreaction is ignored, is removed when the effects of back
reaction are included.
We can again check if our Hamiltonian is providing an accurate description of
the physics. In figure 9 we have plotted 〈Jˆ〉 versus n. It is clear that the planar
approximation has broken down for all but the few highest energy states. Again, for
these values of the parameters K,N , the interpretation of our system as an open string
8We thank Diego Correa for correcting an error in α in the previous version of this paper.
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attached to a brane is not valid. We are forced to conclude that our Hamiltonian does
not provide an accurate description of a string with a single site attached to an AdS
giant. For the case of a single AdS giant, we obtain
tinstability =
2
∆E
arccos |〈ψF |ψI〉| ≈ 2
11.6× λ
π
2
≈ 0.27
λ
.
A few comments are in order. How are we to interpret the fact that our approx-
imation breaks down? We have set up our description by assuming that the operator
we study is dual to a membrane with an open string attached. This implies that our
operator can be decomposed into a “membrane piece” and a “string piece”. These
two pieces are treated very differently: when contracting the membrane piece, all con-
tractions are summed; when contracting the string piece, only planar contractions are
summed. Contractions between the two pieces are dropped. We have seen above, that
a large number of Zs hop between the two Y s: our operator is simply not dual to a
state that looks like a membrane with an open string attached and our approximations
are not valid. We are not claiming that this operator does not have a planar limit -
it should still be possible to study this operator using a systematic 1/N expansion.
Also, if one considered the same numerical study, but with L ∼ 10 = √N Y s we would
expect our Hamiltonian to provide a suitable description. This problem appears to be
too numerically expensive to perform in practice.
5. The Semiclassical Limit
In the previous section we have argued that our Hamiltonian does not accurately de-
scribe the dynamics of a single string attached to a giant graviton, when the string
has a single site. In this section we will consider the opposite limit in which we take
L → ∞. This limit has been considered, for a single sphere giant in AdS5×S5, in
[9],[11], for a single sphere giant in a γ deformed background in [10] and for a single
AdS giant in AdS5×S5 in [12]. In the limit, the dynamics of the Cuntz chain is gov-
erned by a semiclassical sigma model. This semiclassical sigma model coincides with
the Polyakov action describing an open string attached to the giant [9],[10],[11],[12].
This strongly suggests that the Cuntz chain Hamiltonian is relevant for the description
of this L → ∞ limit. In this section we will study the semiclassical sigma models
arising from the semiclassical limit of our Cuntz chain Hamiltonians.
To warm up, we will consider the case of a single sphere giant or a single AdS
giant. We will employ the description developed in subsection 3.1.1 as this is, by
far, the simplest description. For the semiclassical limit, we take L →∞ and λ → ∞
holding λ/L2 fixed and small. In addition, we put each site of the lattice into a coherent
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state of a Cuntz oscillator
|z〉 =
√
1− |z|2
∞∑
n=0
zn|n〉, |z| < 1.
The parameter for the coherent state of the lth lattice site is zl = rl(t)e
iφl(t). In this
article, we also allow the brane to be dynamical. To obtain a semiclassical limit, we
also put the brane in a coherent state, with parameter Z = R(t)eiΦ(t). The resulting
action is given by[24]
S =
∫
dt
(
i〈z1, ..., zL;Z| d
dt
|z1, ..., zL;Z〉 − 〈z1, ..., zL;Z|H|z1, ..., zL;Z〉
)
.
The first term in the action and the bulk terms in the Cuntz chain Hamiltonian are
the same for any brane system that the open string is attached to and hence may be
read from the results of[9]. The first term in the action becomes
i〈z1, ..., zL;Z| d
dt
|z1, ..., zL;Z〉 = −
L∑
l=1
r2l φ˙l
1− r2l
− R
2Φ˙
1− R2
= −L
∫ 1
0
φ˙(σ)r2(σ)
1− r2(σ) dσ −
R2Φ˙
1− R2 .
The bulk terms of the Cuntz chain are
−〈z1, ..., zL;Z|
[
2λ
L∑
l=1
a†lal − λ
L−1∑
l=1
(a†lal+1 + ala
†
l+1)
]
|z1, ..., zL;Z〉
= −2λ
L∑
l=1
z¯lzl + λ
L−1∑
l=1
(z¯lzl+1 + zlz¯l+1)
= −L λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ − λ [r2(1) + r2(0)] .
To obtain the above integral representations, we have made use of the Euler-Maclaurin
formula. There are corrections to the integrals we have written above, expressed in
terms of derivatives of the function evaluated at the endpoints. These corrections will
need to be taken into account when the first 1
L
corrections are computed.
The remaining boundary interactions in the sigma model are dependent on the
details of the specific brane system we study. In the next two subsections we will
consider the interactions relevant for a single AdS or a single sphere giant. In the third
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subsection, we argue that the AdS giant is unstable. Finally, in the last subsection we
consider the semiclassical limit of a boundstate of giants.
A final comment is in order. Since our Hamiltonian preserves the number of Z
fields in the giant plus string system (denoted by K) we will look for solutions that
minimize the energy and have a sharp classical value for K. Concretely, we do this by
setting the coherent state expectation value of Kˆ equal to K.
5.1 Single Sphere Giant
The coherent state expectation value of the boundary interaction Hamiltonian given in
section 3.4, gives the following contribution to the action
−2λZZ¯
[
1− K
N
+
1
N
L∑
l=1
z¯lzl
1− z¯lzl
]
−λ [Z¯(z1 + zL) + Z(z¯1 + z¯L)]
√√√√1− K
N
+
1
N
L∑
l=1
z¯lzl
1− z¯lzl
= −2λR2
[
1− K
N
+
L
N
∫ 1
0
r2(σ)
1− r2(σ)dσ
]
−λ [Z¯(z(0) + z(1)) + Z(z¯(0) + z¯(1))]
√
1− K
N
+
L
N
∫ 1
0
r2(σ)
1− r2(σ)dσ.
This result is not exact. The number operator bˆ0 appears in the Hamiltonian; we have
replaced it by its coherent state expectation value
〈bˆ0〉 = K
N
− 1
N
L∑
l=1
z¯lzl
1− z¯lzl .
The semi-classical sigma model action describing a single string attached to a sphere
giant graviton is
S =
∫
Lσdt
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ−
R2Φ˙
1− R2−L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ−λ [r2(1) + r2(0)]
−λ [Z¯(z(0) + z(1)) + Z(z¯(0) + z¯(1))]
√
1− K
N
+
L
N
∫ 1
0
r2
1− r2dσ
−2λR2
[
1− K
N
+
L
N
∫ 1
0
r2
1− r2dσ
]
.
– 34 –
In the above action, Z and zl are not independent - they are coupled by the constraint
K =
∞∑
n=1
(Aˆ†)nAˆn +
L∑
l=1
∞∑
n=1
(aˆ†l )
naˆnl
which says that the total number of Zs is equal to the number of Zs on the giant plus
the number of Zs on the string. The coherent state expectation value of the constraint
is
K =
Z¯Z
1− Z¯Z + L
∫ 1
0
r2
1− r2dσ =
Z¯Z
1− Z¯Z + J,
where we have introduced the coherent state expectation value of the number of Zs on
the string, J ≡ 〈Jˆ〉. This is easily solved to eliminate |Z|
Z¯Z = R2 = 1− 1
K + 1− L ∫ 1
0
r2
1−r2dσ
.
Using this constraint, we obtain
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ−
R2Φ˙
1− R2−L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ−λ [r2(1) + r2(0)]
−2λ [r(0) cos(φ(0)− Φ) + r(1) cos(φ(1)− Φ)]
√
1− K
N
+
J
N
√
K − J
1 +K − J
− 2λ
1 +K − J
[
K − J − (K − J)
2
N
]
,
If we now shift φ(σ) → φ(σ) + Φ, the giant and string dynamics decouple so that we
finally obtain a sigma model expressed only in terms of r(σ) and φ(σ)9
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ − L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ − λ [r2(1) + r2(0)]
−2λ [r(0) cos(φ(0)) + r(1) cos(φ(1))]
√
1− K
N
+
J
N
√
K − J
1 +K − J
− 2λ
1 +K − J
[
K − J − (K − J)
2
N
]
. (5.1)
In the limit we study K = O(N), K ≫ J and α =
√
1− K
N
= O(1), our system can be
interpreted as a string attached to brane and further, we expect that back reaction will
9We have dropped the term − R2Φ˙
1−R2
from the Lagrangian, as it is not needed to obtain the string
dynamics.
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be a subleading effect. K is a fixed parameter which we may therefore choose to be
O(N). J is determined by the dynamics, and thus the issue of how large it is compared
to K is a dynamical question. It is natural to expect that K ≫ J , since the energy
contribution from the boundary terms is minimized for small values of J . In this limit
(5.1) becomes
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ − L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ − λ [r2(1) + r2(0)]
−2λ [r(0) cos(φ(0)) + r(1) cos(φ(1))]α− 2λα2,
which is in perfect agreement with the sigma model action obtained in [9]. This action
can be obtained directly as a limit of the Polyakov action in a certain gauge, as demon-
strated in [9]. This suggests that our Hamiltonian does provide a reliable description
of this semiclassical limit.
The corrections to Lσ due to back reaction are O(
J
K
). We know that, at most
we can tolerate J ∼ √N - beyond this our description breaks down. To correct it
we would have to go beyond the planar approximation employed when contracting the
open string words. Further, our giant has K = O(N). Thus, when our description is
valid O( J
K
) = O( 1
L
), so that the 1
L
corrections to our sigma model action are the same
size as the corrections due to back reaction and the corrections coming from the Euler-
Maclaurin formula. All of these 1
L
corrections need to be included when the effects of
back reaction are studied.
5.2 Single AdS Giant
For a single AdS giant, the coherent state expectation value of the boundary interaction
Hamiltonian given in section 3.4, gives the following contribution to the action
−2λZZ¯
[
1 +
K
N
− 1
N
L∑
l=1
z¯lzl
1− z¯lzl
]
+λ
[
Z¯(z1 + zL) + Z(z¯1 + z¯L)
]√√√√1 + K
N
− 1
N
L∑
l=1
z¯lzl
1− z¯lzl
= −2λR2
[
1 +
K
N
− J
N
]
+ λ
[
Z¯(z(0) + z(1)) + Z(z¯(0) + z¯(1))
]√
1 +
K
N
− J
N
.
This is again not an exact result - we have replaced aˆ0 by its coherent state expectation
value. Thus, the semi-classical sigma model action describing a single string attached
to an AdS giant graviton is
S =
∫
Lσdt
– 36 –
Lσ = −L
∫ 1
0
φ˙(σ)r2(σ)
1− r2(σ) dσ−
R2Φ˙
1− R2−L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ−λ [r2(1) + r2(0)]
+λ
[
Z¯(z(0) + z(1)) + Z(z¯(0) + z¯(1))
]√
1 +
K
N
− J
N
− 2λR2
[
1 +
K
N
− J
N
]
.
In the above action, Z and zl are again not independent - they are coupled by the same
constraint that we obtained for the sphere giant, and hence we may again set
Z¯Z = R2 = 1− 1
K + 1− J .
After employing the constraint to eliminate R, and shifting φ(σ) → φ(σ) + Φ which
again decouples the string and the brane dynamics, we obtain
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ − L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ − λ [r2(1) + r2(0)]
+2λ [r(0) cos(φ(0)) + r(1) cos(φ(1))]
√
1 +
K
N
− J
N
√
K − J
1 +K − J
− 2λ
1 +K − J
[
K − J + (K − J)
2
N
]
. (5.2)
We only expect this Lagrangian to be an accurate description of the dynamics in the
limit that K = O(N), K ≫ J and α =
√
1 + K
N
= O(1), which is the limit we are
considering. We will see below that this is not a valid assumption. As discussed above
for the sphere giant, the size of J is a dynamical question. In contrast to what we
found for the sphere giant, the boundary terms in this Lagrangian are minimized for
large values of J . Continuing anyway with the above assumption, our system can
be interpreted as a string attached to a brane and further, back reaction will be a
subleading effect. In this limit (5.2) becomes
Lσ = −L
∫ 1
0
φ˙r2
1− r2dσ − L
λ
L2
∫ 1
0
[(
∂r
∂σ
)2
+ r2
(
∂φ
∂σ
)2]
dσ − λ [r2(1) + r2(0)]
+2λ [r(0) cos(φ(0)) + r(1) cos(φ(1))]α− 2λα2.
If we now shift φ(σ)→ φ(σ)+π then this action becomes identical in form to the action
describing the single string attached to a sphere giant. Of course, one very important
difference is that here α ≥ 1; for the string attached to a sphere giant, α ≤ 1.
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5.3 Interpretation of the Single Giant Results
In this section we will study solutions to the sigma models of sections 5.1 and 5.2,
which correspond to point like strings for which r˙ = r′ = 0 and φ˙ = φ′ = 0. The bulk
equations of motion (which are the same for the two types of giants)
λ
L
r′′ =
Lφ˙r
(1− r2)2 +
λr(φ′)2
L
,
rr˙
(1− r2)2 + ∂σ
(
λ
L2
r2φ′
)
= 0,
are clearly satisfied. The boundary conditions for the sphere and the AdS giants are
different. Consider the case of the sphere giant first. The boundary terms in (5.1) are
minimized if we apply the boundary conditions
φ(0) = φ(1) = π, r(0) = r(1) =
√
1− K
N
+
J
N
√
K − J
1 +K − J . (5.3)
If we ignore back reaction (set J = 0 in the above equation) and 1
K
corrections, we find
r(0) = r(1) =
√
1− K
N
, (5.4)
with K now equal to the momentum of the giant. For the AdS giant, the boundary
terms in (5.2) vanish if we require
φ(0) = φ(1) = 0, r(0) = r(1) =
√
1 +
K
N
− J
N
√
K − J
1 +K − J . (5.5)
Ignoring back reaction we find
r(0) = r(1) =
√
1 +
K
N
, (5.6)
with K now equal to the momentum of the giant.
To interpret these boundary conditions, recall how the AdS5×S5 solution is re-
covered from the LLM description. The AdS5×S5 geometry corresponds to a circular
droplet boundary condition on the y = 0 plane, parameterized by (x1, x2) (see section
2.3 of [23]). Introduce radial coordinates (r, φ) on this plane. The r and y coordinates
are related to ρ (the radial variable of AdS5 in global coordinates) and θ (one of the
angles of the S5) by y = r0 sinh ρ sin θ and r = r0 cosh ρ cos θ, where r0 = R
2
AdS5
= R2S5 .
The sphere giants are located at ρ = 0 and cos θ =
√
1− K
N
so that y = 0 and
– 38 –
Figure 10: The expectation value 〈Jˆ〉 versus K, for a single string attached to a single sphere
giant, is shown. There are a total of K Zs in the string/brane system, the string has L = 80
sites and N = 10000.
r =
√
1− K
N
. The AdS giants are located at θ = 0 and cosh ρ =
√
1 + K
N
so that y = 0
and r =
√
1 + K
N
. This matches beautifully with (5.4) and (5.6). We thus obtain a
clear geometrical interpretation of our coherent state parameter z = reiφ - the r in our
coherent state parameter is the radial direction on the y = 0 LLM plane. With this
identification, our strings are localized on the y = 0 plane which is colored black or
white. The sphere giant sits in a black region; the AdS giant in a white region. In
a black region, the S3 in AdS5 has shrunk to zero size; in a white region, the S
3 in
the S5 has shrunk to zero. This implies that in a white region, (for our AdS giant)
we can’t have a string with angular momentum on the S3 contained in the S5. If this
interpretation is correct, our description (5.2) must fail.
In [11] a potential source of a D-brane instability was discovered. The giant graviton
couples to the background RR flux F5. This coupling produces a Lorentz force acting
on the brane and consequently, the giant does not undergo free motion. The string,
which does not couple to F5 and hence would undergo geodesic motion, thus feels a
force from the brane as the brane drags it along. If this force is enough to overcome
the tension of the string, the string will be stretched to large lengths, allowing smaller
loops to pinch off. In this way, the brane would decay into gravitational radiation. We
conjecture that the AdS giants are unstable against this decay, which is the source of
the failure of our description (5.2).
To provide some evidence for this interpretation, return to (5.3) and (5.5). Our
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Figure 11: The expectation value 〈Jˆ〉 versus K, for a single string attached to a single AdS
giant, is shown. There are a total of K Zs in the string/brane system, the string has L = 80
sites and N = 10000.
point string ansatz for the sphere giant is
r = a, φ = π.
With this ansatz,
J =
La2
1− a2 . (5.7)
It is now possible to solve (5.3) and (5.7) simultaneously to determine J . If back
reaction effects are negligible, we expect that J ≪ √N . From figure 10, it is clear that
back reaction is indeed negligible.
For the case of the AdS giant, we determine J by solving (5.5) and (5.7) simul-
taneously. If the AdS giant is unstable, we would expect the effects of back reaction
to be large, and hence J should be large. Of course, this implies that the dynamics is
no longer described by our Hamiltonian. From figure 11 it is clear that the AdS giant
suffers from significant back reaction, supporting our conjecture that the AdS giants
are unstable. We are not able to verify this conjecture by a detailed study of this
instability; this is outside the validity of our description which fails as soon as J
2
N
∼ 1.
Besides the fact that J is so large that our sigma model description can not be trusted,
we see that J > K which indicates that this is not a valid solution.
5.4 Bound State of Sphere Giants
In this section we consider an open string attached to a bound state of two sphere giants.
In the case that a single open string attaches to a bound state of giant gravitons, the
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Gauss law forces both endpoints of the string to attach to the same brane. To stretch
strings between two giants, we need at least two open strings attached to the bound
state. In the case that open strings stretch between the giants, we would expect to see
a force between the branes. For a single string attached to the bound state, we should
be able to verify that we can recover the physics of a single string attached to a single
brane, when the two branes are well separated.
Our strategy is again to consider point like string solutions r˙ = r′ = 0, φ˙ = φ′ = 0
to the sigma model. As in previous sections, the bulk equations of motion are clearly
satisfied, so that we need only focus on the boundary terms in the Hamiltonian. The
wave function |Ψ〉 for this excited bound state will be a direct product of a ket describing
the open string with a ket describing the giant. If we denote the point string state by
|z = reiφ〉string, we can write
|Ψ〉 = |z = reiφ〉string ⊗
N−1∑
l,p=1
clpWˆ
†
l Aˆ
†
p|0〉,
where the constants clp need to be determined. To simplify our analysis, we will assume
that b1 ≫ 1. With this assumption, the boundary Hamiltonian10, when acting on the
state |Ψ〉, is
Hboundary = 2λz
[
N−1∑
l=1
√
1− l
N
Wˆ †l+1Wˆl +
N∑
l=1, l 6=k
N−1∑
k=1
√
1− k
N
1
k − l Wˆ
†
k+1AˆkAˆ
†
l Wˆl
]
+2λ
N−1∑
l=1
(
1− l
N
)
Wˆ †l+1Wˆl+1 + 2λzz¯
+2λz¯
[
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1 +
N∑
l=1, l 6=k
N−1∑
k=1
√
1− k
N
1
k − l Wˆ
†
l AˆlAˆ
†
kWˆk+1
]
.
For the case of a single string attached to a giant, we put the giant into a coherent
state and fixed the coherent state parameter so that the boundary contribution to the
energy vanished. In this section we will show that essentially the same approach works
for a boundstate of two giants. Using our giant lattice notation, a coherent state for a
single sphere giant, can be written as
|Z〉 =
∑
l
Z lWˆ †l |0〉.
10We have added 2λzz¯ - which comes from the (string) bulk Hamiltonian (2.3) - to this boundary
Hamiltonian.
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Motivated by this observation, we have studied the state
|Ψ〉 =
N−1∑
l,p=1
clpWˆ
†
l Aˆ
†
p|0〉 = N
N−1∑
l1=1
N−1∑
l2=1
(Z1)
l1(Z2)
l2Wˆ †l1Aˆ
†
l2
|0〉,
where
N−2 = Z1Z¯1 − (Z1Z¯1)
N
1− Z1Z¯1
Z2Z¯2 − (Z2Z¯2)N
1− Z2Z¯2 .
To compute the coherent state expectation value of the terms in the Hamiltonian that
do not depend on the Aˆp oscillator
HW = 2λz
N−1∑
l=1
√
1− l
N
Wˆ †l+1Wˆl + 2λ
N−1∑
l=1
(
1− l
N
)
Wˆ †l+1Wˆl+1 + 2λzz¯
+2λz¯
N−1∑
l=1
√
1− l
N
Wˆ †l Wˆl+1,
we will replace l by its coherent state expectation value (this is the same approximation
employed in sections 5.1 and 5.2)
〈lˆ〉 = 1
1− Z1Z¯1 .
For a giant graviton, we are interested in the case that N(1 − Z1Z¯1) is O(1) so that
ZZ¯1 = 1− αN−1 +O(N−2). This sets the radius of our giant graviton
R2 = R2S5
1
N(1− Z1Z¯1) = R
2
S5
1
α
.
It is now straight forward to verify that, to leading order at large N , we have
〈Ψ|HW |Ψ〉 = 2λ(zZ¯1 + z¯Z1)
√
1
N(1 − Z1Z¯1) + 2λZ1Z¯1
[
1
N(1− Z1Z¯1)
]
+ 2λzz¯. (5.8)
We can set (5.8) to zero by choosing
Z1 = R1e
iΦ1 , Φ1 = φ+ π, (5.9)
r = R1
√
1− 1
N(1 −R21)
=
√
1− 1
N(1− R21)
,
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with the last equality holding at leading order in N . This is a very natural result: the
string is located precisely on the radius of the orbit of the giant in spacetime. Next,
consider
〈H4〉 = λ〈Ψ|
N∑
l=1, l 6=k
N−1∑
k=1
√
1− k
N
1
k − l Wˆ
†
k+1AˆkAˆ
†
l Wˆl|Ψ〉,
≈ λ
√
1− 1
N(1− Z2Z¯2)
N∑
l=1, l 6=k
N−1∑
k=1
1
k − l 〈Ψ|Wˆ
†
k+1AˆkAˆ
†
l Wˆl|Ψ〉,
= N 2λZ¯1
√
1− 1
N(1 − Z2Z¯2)
N−1∑
k,l=1, k 6=l
(Z¯1Z2)
k(Z¯2Z1)
l 1
k − l .
If we choose Z2 = R2e
iΦ1 , the above expectation value vanishes. It is now easy to see
that, with this choice for Z2 and the choice (5.9) we have
〈Ψ|Hboundary|Ψ〉 = 0,
so that the contribution to the energy coming from Hboundary is minimized.
The only loose end is to fix the sum of the number of Zs in the giant boundstate
plus the number of Zs in the string to K. After taking the coherent state expectation
value of the constraint
K =
N−1∑
l=1
lWˆ †l Wˆl +
N−1∑
k=1
kAˆ†kAˆk + Jˆ ,
we obtain (recall that K and L are given quantum numbers of the operator - they are
not determined by the dynamics)
K =
1
1− Z1Z¯1 +
1
1− Z2Z¯2 +
Lr2
1− r2 .
This is a single equation for the two parameters R2 and r, indicating that our solution
has a single free parameter. This is expected - it specifies how we share the momentum
between the two giants in the boundstate.
6. Conclusions
In this article, we have given methods that determine the Cuntz chain Hamiltonians
describing the dynamics of open strings attached to giant gravitons. These Hamilto-
nians are accurate to first order in g2YM . The bulk term of the Hamiltonian has been
obtained previously. The contribution of the present article is to obtain an explicit
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expression for the boundary interactions. There are boundary interactions which allow
the string and the membrane to exchange momentum. We have managed to obtain
an explicit expression for the back reaction on the membrane as a result of these in-
teractions. Although the interactions are rather complicated, we have found a natural
interpretation for the coefficients which appear. For example, there are coefficients
that are responsible for gracefully switching off certain interactions as the branes be-
come coincident. Further, we have found an “effective field theory limit” in which the
Hamiltonians simplify considerably.
The operators we consider are labeled by Young diagrams; open strings are denoted
by filling the boxes of the Young diagram with the label of the open string. We have
only considered attaching a single string to each system of giants in this article. One
interesting feature of our results, is that the Young diagrams labeling the operators
have a clear geometrical interpretation. Indeed, one of the processes allowed by the
boundary interactions involves a string detaching from the brane to which it is attached
and reattaching to a second brane in the system. In terms of the labels for the operators,
the open string hops from one box in the Young diagram, to a different box, and in
the process it changes both the row and the column it is in. We have found clear
signals that we should interpret the number of boxes separating the box that the
string starts in from the box that the string lands up in, as we move on the right
hand side of the Young diagram, as a distance. This distance is related to the radial
coordinate of the two dimensional y = 0 plane on which the LLM boundary conditions
are specified[23],[25]. The interaction displays an inverse dependence on this distance.
The effective theory describing these open strings should be a Yang-Mills theory, local
not on the space on which the original field theory is defined, but rather on the 3 + 1
dimensional worldvolume of the brane we are describing[6]. This new space should
emerge from the matrix degrees of freedom of the N = 4 super Yang-Mills theory. The
1
r
potential which would arise from the exchange of massless particles in three spatial
dimensions, thus looks rather natural.
The Polyakov action for both closed[26] and open strings[9] emerge as a semi-
classical limit from a spin chain (or equivalently for us, from a Cuntz chain) that
can be derived directly from the gauge theory. In this work we have managed to
provide a complete account of the back reaction of the string on the membrane. In
particular, we have introduced a Cuntz oscillator chain (which is equivalent to a spin
chain) for the giant graviton itself. This Cuntz oscillator chain keeps track of the
“motion of the corners” of the Young diagram, which describes the giant bound state.
It is natural to expect that the semi-classical limit of this Cuntz chain will make contact
with membrane dynamics in the dual gravitational description.
We have tried to build a toy model in which we consider a string with a single
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site. The advantage of the toy model is that it is numerically tractable. For this
“short string” toy model the planar approximation used in computing the contractions
between open string words is not valid. Thus, our Hamiltonians do not accurately
describe this “short string limit” and the numerical results are not to be trusted.
Finally, we have considered the opposite limit in which the number of sites in the
open string L is taken to infinity L ∼ O(√N). In this semi classical limit, the dynamics
of the Cuntz chain is governed by a sigma model. We have argued that the description
of strings attached to sphere giants is reliably captured by the sigma model dynamics.
This was argued by showing that back reaction on the giant is a small effect. In contrast
to this, the back reaction on an AdS giant is so large that the use of the sigma model
to describe the open string dynamics is not valid. Based on this result, we conjecture
that the AdS giant is unstable against gravitational decay, although a detailed study
of this question is not within reach of our sigma model description. Finally, we studied
an open string attached to a bound state of two sphere giants. In the case that a single
open string attaches to a bound state of giant gravitons, the Gauss law forces both
endpoints of the string to attach to the same brane. We have recovered the physics of
a single string attached to a single brane, when the two branes are well separated, as
expected.
There are a number of directions in which our results can be extended. It would be
interesting to extend our results to include the case that two strings are attached to the
system of giants. When we have two (or more) strings attached to the giant graviton
bound state, we can have strings stretching between different branes. Studying this
system would allow us to compute the force between two branes.
We have initiated a study of the dynamics of our Cuntz chain Hamiltonians. A
natural question to ask is if this dynamics is integrable or not? Following the discussion
of [11], if this is the case, integrability might not be realized by a Bethe Ansatz. See
[28] for a recent discussion of this question.
Recently an extremely interesting proposal for determining the metric of LLM
geometries from closed string sigma models constructed as the semiclassical limit of
Cuntz chain dynamics was given in [29]. Can this be extended to open string dynamics
for open strings attached to giants probing the general 1
2
BPS (LLM) geometry?
Given the technology we have developed for operators dual to excited giant gravi-
tons, it may be possible to construct the string field theory describing open strings
attached to giant gravitons, systematically. A powerful framework that has already
given impressive results for closed string field theory[30] exploits the methods of col-
lective field theory[31].
Finally, we have restricted ourselves to the SU(2) sector in this article. This
corresponds to studying strings with two angular momenta on the sphere. One could
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generalize our analysis to the full SO(6) excitations on the sphere and further, to
include spin in the AdS space. One could also consider attaching strings to giants that
preserve less supersymmetry[32].
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A. An Identity
In this appendix, we derive an identity that can be used to obtain the Cuntz chain
Hamiltonian that accounts for the O(g2YM) correction (coming from the F terms) to
the anomalous dimension of our operators. Our starting point is the restricted Schur
polynomial
χ
(1)
R,R′(Z,W ) =
1
(n− 1)!
∑
σ∈Sn
Tr R′ (ΓR[σ])Z
i1
iσ(1)
Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
W iniσ(n).
R is a representation of Sn; ΓR[σ] is the matrix representing σ in representation R.
Rewrite the above sum as a sum over the Sn−1 subgroup that leaves n unchanged
(σ(n) = n), and its cosets. After rearranging the resulting expression a little, we
obtain
χ
(1)
R,R′(Z,W )− χR′(Z)Tr (W ) =
1
(n− 1)!
∑
σ∈Sn−1
[
Tr R′ (ΓR [σ(n, 1)]) (ZW )
i1
iσ(1)
Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
+Tr R′ (ΓR [σ(n, 2)])Z
i1
iσ(1)
(ZW )i2iσ(2) · · ·Z
in−1
iσ(n−1)
+ .... +
+ Tr R′ (ΓR [σ(n, n− 1)])Z i1iσ(1)Z i2iσ(2) · · · (ZW )
in−1
iσ(n−1)
]
. (A.1)
where χR′(Z) is the Schur polynomial. To obtain this result, use
χR,R′(Z) =
1
(n− 1)!
∑
σ∈Sn−1
Tr R′ [ΓR(σ)]Z
i1
iσ(1)
Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
=
1
(n− 1)!
∑
σ∈Sn−1
χR′(σ)Z
i1
iσ(1)
Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
≡ χR′(Z).
Introduce the notation W+ = ZW . Concentrate on the first term in (A.1). This term
can be rewritten as a sum over the Sn−2 subgroup of Sn−1, which comprises of the
permutations which leave 1 fixed (σ(1) = 1), and its cosets
1
(n− 1)!
∑
σ∈Sn−1
Tr R′ (ΓR [σ(n, 1)]) (W
+)i1iσ(1)Z
i2
iσ(2)
· · ·Z in−1iσ(n−1)
=
1
(n− 1)!
∑
σ∈Sn−2
Tr R′ (ΓR [σ(n, 1)]) Tr (W
+)Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
+
1
(n− 1)!
∑
σ∈Sn−2
Tr R′ (ΓR [σ(1, 2)(n, 1)]) (W
+Z)i2iσ(2) · · ·Z
in−1
iσ(n−1)
+ · · ·+ 1
(n− 1)!
∑
σ∈Sn−2
Tr R′ (ΓR [σ(1, n− 1)(n, 1)])Z i2iσ(2) · · · (W+Z)
in−1
iσ(n−1)
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We can break R′ = ⊕αR′′α where the sum runs over all representations R′′α that can be
obtained from R′ by removing a single box. The subgroup we sum over leaves both n
and 1 inert so that
ΓR[τ ]ΓR[(n, 1)] = ΓR[(n, 1)]ΓR[τ ].
By Schur’s Lemma this implies that ΓR[(n, 1)] is proportional to the identity when
acting on the R′′α subspace
〈a, R′′α|ΓR[(n, 1)]|b, R′′α〉 = λαδab. (A.2)
Decomposing the trace over R′ we have
Tr R′ (ΓR[τ(1, n− 1)(n, 1)]) =
∑
α
Tr R′′α (ΓR[τ(1, n− 1)(n, 1)]) .
Now, thanks to the block diagonal structure of ΓR[τ ] we know
〈a, R′′α|ΓR[τ ]|b, R′′β〉 ∝ δαβ ,
which allows us to write
∑
α
Tr R′′α (ΓR[τ(1, n− 1)(n, 1)]) =
∑
α
∑
a
〈a, R′′α|ΓR[τ(1, n− 1)(n, 1)]|a, R′′α〉
=
∑
α
∑
a
∑
b
〈a, R′′α|ΓR[τ ]|b, R′′α〉〈b, R′′α|ΓR[(1, n− 1)(n, 1)]|a, R′′α〉.
Now, lets introduce the notation
PR→R′→R′′α|n,1 =
∑
b
|b, R′′α〉〈b, R′′α|.
Recall that R is a representation of Sn, R
′ is a representation of Sn−1 and R′′α is a
representation of Sn−2. The notation |n,1 tells us how to make the projection: the Sn−1
subgroup is obtained from Sn by taking the subgroup of elements that leave n fixed;
Sn−2 is obtained from Sn−1 by taking the subgroup of elements that leave 1 fixed. Using
this new notation, it is clear that
ΓR[(1, n− 1)]PR→R′→R′′α|n,1ΓR[(1, n− 1)] = PR→R′→R′′α|n,n−1,
so that
PR→R′→R′′α|n,1ΓR[(1, n− 1)] = ΓR[(1, n− 1)]PR→R′→R′′α|n,n−1.
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We now find∑
α
∑
a
∑
b
〈a, R′′α|ΓR[τ ]|b, R′′α〉〈b, R′′α|ΓR[(1, n− 1)(n, 1)]|a, R′′α〉
=
∑
α
∑
a
〈a, R′′α|ΓR[τ ]PR→R′→R′′α|n,1ΓR[(1, n− 1)(n, 1)]|a, R′′α〉 (A.3)
=
∑
α
∑
a
〈a, R′′α|ΓR[τ ]ΓR[(1, n− 1)]PR→R′→R′′α|n,n−1ΓR[(n, 1)]|a, R′′α〉
=
∑
α
∑
a
〈a, R′′α|ΓR[τ ]ΓR[(1, n− 1)]PR→R′→R′′α|n,n−1
(∑
β
PR→R′→R′′
β
|n,1
)
ΓR[(n, 1)]|a, R′′α〉,
where we have used that fact that
∑
β PR→R′→R′′β |n,1 acts as the identity on the R′
subspace. Now, using (A.2) we obtain
∑
α
∑
a
〈a, R′′α|ΓR[τ ]ΓR[(1, n− 1)]PR→R′→R′′α|n,n−1
(∑
β
PR→R′→R′′
β
|n,1
)
ΓR[(n, 1)]|a, R′′α〉
=
∑
α
∑
a
λα〈a, R′′α|ΓR[τ ]ΓR[(1, n− 1)]PR→R′→R′′α|n,n−1|a, R′′α〉 (A.4)
=
∑
α
∑
a
λα〈a, R′′α|ΓR[τ ]PR→R′→R′′α|n,1ΓR[(1, n− 1)]|a, R′′α〉
=
∑
α
∑
a
λαTr R′′α(ΓR[τ(1, n− 1)]).
Thus, our final result is
Tr R′ (ΓR [τ(1, n− 1)(n, 1)]) =
∑
α
λαTr R′′α(ΓR[τ(1, n− 1)]).
If we now consider Tr R′ (ΓR [τ(1, i)(n, 1)]), and if we restrict to the subgroup Sn−2
obtained by taking all the elements of Sn−1 that hold i fixed, we find
Tr R′ (ΓR [τ(1, i)(n, 1)]) =
∑
α
λαTr R′′α(ΓR[τ(1, i)]).
Thus, we now have
1
(n− 1)!
∑
σ∈Sn−1
Tr R′ (ΓR [σ(n, 1)]) (W
+)i1iσ(1)Z
i2
iσ(2)
· · ·Z in−1iσ(n−1)
=
1
(n− 1)!
∑
α
λα
∑
σ∈Sn−2
Tr R′′α (ΓR [σ]) Tr (W
+)Z i2iσ(2) · · ·Z
in−1
iσ(n−1)
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+
1
(n− 1)!
∑
α
λα
∑
σ∈Sn−2
Tr R′′α (ΓR [σ(1, 2)]) (W
+Z)i2iσ(2) · · ·Z
in−1
iσ(n−1)
+ · · ·+ 1
(n− 1)!
∑
α
λα
∑
σ∈Sn−2
Tr R′′α (ΓR [σ(1, n− 1)])Z i2iσ(2) · · · (W+Z)
in−1
iσ(n−1)
=
1
(n− 1)!
∑
α
λα
∑
σ∈Sn−1
Tr R′′α (ΓR′ [σ]) (W
+)i1iσ(1)Z
i2
iσ(2)
· · ·Z in−1iσ(n−1)
=
1
n− 1
∑
α
λαχ
(1)
R′,R′′α
(Z,W+).
It is not difficult to see that each of the n − 1 terms on the right hand side of (A.1)
makes exactly the same contribution, so that
χ
(1)
R,R′(Z,W )− χR′(Z)Tr (W ) =
∑
α
λαχ
(1)
R′,R′′α
(Z,W+).
All that remains is to compute λα. This was done in [15]. The result is (the subgroup
of which R′′α in the next formula is a representation is obtained by holding n and then
n− 1 fixed)
λα =
1
dR′′α
Tr R′′α(ΓR [(n, n− 1)]) =
1
cRR′ − cR′R′′α
,
where cRR′ is the weight of the box that must be removed from R to obtain R
′ and
cR′R′′α is the weight of the box that must be removed from R
′ to obtain R′′α. The formula
that we will make use of, is
χ
(1)
R,R′(Z,W )− χR′(Z)Tr (W ) =
∑
α
1
cRR′ − cR′R′′α
χ
(1)
R′,R′′α
(Z,ZW ). (A.5)
With a little thought, the motivated reader can convince herself that a very similar
argument can be constructed to show that
χ
(1)
R,R′(Z,W )− χR′(Z)Tr (W ) =
∑
α
1
cRR′ − cR′R′′α
χ
(1)
R′,R′′α
(Z,WZ).
To conclude this section, we will illustrate this formula with a few examples. We
will employ the graphical notation introduced in [15]. Then, for example, (A.5) says
χ w − χ Tr (w) = χ x +
1
3
χ
x
, x = w+
χ
w
− χ Tr (w) = −χ
x
− 1
3
χ
x
, x = w+
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A.1 Numerical Test
The main result of this article is the formula (A.5). Indeed, this formula determines the
hop off interaction. The hop on interaction then follows from the hop off interaction
by Hermitian conjugation and the kissing interaction by composing the hop on and the
hop off interactions. Thus, the complete boundary interaction and the corresponding
back reaction on the brane are determined by (A.5). Given the importance of this
formula, we have tested it numerically. In this subsection we will explain the check we
have performed.
The formula (A.5) is an identity between restricted Schur polynomials. It must be
true if we evaluate it for any11 numerical value of the matrices Z and W . Our check
entails evaluating both sides of (A.5), for a number of different matrices W and Z, to
check the equality. Evaluating a restricted Schur polynomial entails evaluating:
(i) The restricted character Tr R′ (ΓR[σ]): This was done by explicitely constructing the
matrices ΓR[σ]. Each representation used was obtained by induction. One induces a
reducible representation; the irreducible representation that participates was isolated
using projection operators built from the Casimir obtained by summing over all two cy-
cles. See appendix B.2 of [15] for more details. The resulting irreducible representations
were tested by verifying the multiplication table of Sn.
(ii) The trace Tr (σZ⊗n−1W ) = Z i1iσ(1)Z
i2
iσ(2)
· · ·Z in−1iσ(n−1)W iniσ(n) : for any given σ ∈ Sn this
trace is easily expressed as a product of traces of powers of Z and W .
Our code verified (A.5) for all possible restricted Schur polynomials that could be
constructed with R ∈ S5, R′ ∈ S4 and R′′ ∈ S3. This gives 12 independent tests in
total.
B. Boundstates of Giant Gravitons
In this appendix we will give the results for the hop off interaction, for boundstates
of three or four giant gravitons. Our motivation for doing this is to exhibit a general
structure, in the effective field theory limit, that can be used to write down the hop off
interaction for an arbitrary number of boundstates. Further, we would like to argue
that the features discussed in section 3.1.2 for the boundstate of two giants hold for
11In particular, not necessarily Hermitian.
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the general giant boundstate. Given the hop off interaction, one can construct the
full Hamiltonian exactly as we have done in section 3. In this appendix, we use the
following notation:
W (1) =W ({n1, n2, ..., nL}),
W (2) = W ({n1 − 1, n2, ..., nL}) orW (2) = W ({n1, n2, ..., nL − 1}).
The two possibilities for W (2) above correspond to the freedom to hop off either end
point of the string.
B.1 Boundstate of three sphere giants
The hop off interaction for a boundstate of three sphere giants is
H|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1¯};W (1)〉 =
−λ
[√
1− b0 + b1 + b2
N
As|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
+
√
1− b0 + b1 − 1
N
Bs|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
+
√
1− b0 − 2
N
Cs|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
,
H|{nb0 = 1, nb0+b1 = 1¯, nb0+b1+b2 = 1};W (1)〉 =
−λ
[√
1− b0 + b1 + b2
N
Ds|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
+
√
1− b0 + b1 − 1
N
Es|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
+
√
1− b0 − 2
N
Fs|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
,
H|{nb0 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (1)〉
−λ
[√
1− b0 + b1 + b2
N
Gs|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
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+√
1− b0 + b1 − 1
N
Hs|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
+
√
1− b0 − 2
N
Is|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
,
where
As = −
√
b1 + b2 + 1
√
b1 + b2 + 3
√
b2
√
b2 + 2
(b2 + 1)(b1 + b2 + 2)
,
Bs =
√
b1 + 2
b1 + 1
√
b1 + b2 + 1
b1 + b2 + 2
1
b2 + 1
,
Cs =
√
b2
b2 + 1
√
b1
b1 + 1
1
b1 + b2 + 2
,
Ds = −
√
b1
b1 + 1
√
b1 + b2 + 3
b1 + b2 + 2
1
b2 + 1
,
Es = −
√
b1
√
b1 + 2
√
b2
√
b2 + 2
(b2 + 1)(b1 + 1)
,
Fs =
√
b2 + 2
b2 + 1
√
b1 + b2 + 1
b1 + b2 + 2
1
b1 + 1
,
Gs = −
√
b1 + 2
b1 + 1
√
b2 + 2
b2 + 1
1
b1 + b2 + 2
,
Hs = −
√
b2
b2 + 1
√
b1 + b2 + 3
b1 + b2 + 2
1
b1 + 1
,
Is −
√
b1 + b2 + 1
√
b1 + b2 + 3
√
b1
√
b1 + 2
(b1 + 1)(b1 + b2 + 2)
.
These expressions look ugly. However, things simplify dramatically in the effective field
theory limit. For example, As very rapidly approaches 1 as either b1 or b2 is increased.
To illustrate this point, we have plotted As as a function of b2.
In the effective field theory limit, the hop off interaction is well approximated by
H|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1¯};W (1)〉 =
−λ
[
−
√
1− b0 + b1 + b2
N
|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
+
√
1− b0 + b1
N
1
b2
|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
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Figure 12: A plot of As versus b2 for b1 = 2. It is clear that As very rapidly approaches 1
as b2 is increased.
+
√
1− b0
N
1
b1 + b2
|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
,
H|{nb0 = 1, nb0+b1 = 1¯, nb0+b1+b2 = 1};W (1)〉 =
−λ
[
−
√
1− b0 + b1 + b2
N
1
b2
|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
−
√
1− b0 + b1
N
|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
+
√
1− b0
N
1
b1
|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
,
H|{nb0 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (1)〉
λ
[√
1− b0 + b1 + b2
N
1
b1 + b2
|{nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯};W (2)〉
+
√
1− b0 + b1
N
1
b1
|{nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1};W (2)〉
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+√
1− b0
N
|{nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1};W (2)〉
]
.
Clearly, the terms on the diagonal reproduce the interactions we obtained from a string
attached to a single giant. The off diagonal terms, which correspond to the interactions
in which the giant that the string is attached to is swapped, display a 1
r
dependence.
B.2 Boundstate of three AdS giants
The hop off interaction for a boundstate of three AdS giants is
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
λ
[√
1 +
a0 + a1 + a2
N
Aa|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
+
√
1 +
a0 + a1 − 1
N
Ba|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
+
√
1 +
a0 − 2
N
Ca|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
,
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
λ
[√
1 +
a0 + a1 + a2
N
Da|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
+
√
1 +
a0 + a1 − 1
N
Ea|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
+
√
1 +
a0 − 2
N
Fa|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
,
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
λ
[√
1 +
a0 + a1 + a2
N
Ga|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
+
√
1 +
a0 + a1 − 1
N
Ha|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
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+√
1 +
a0 − 2
N
Ia|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
,
where
Aa = −
√
a1 + a2 + 1
√
a1 + a2 + 3
√
a2
√
a2 + 2
(a2 + 1)(a1 + a2 + 2)
,
Ba =
√
a1 + 2
a1 + 1
√
a1 + a2 + 1
a1 + a2 + 2
1
a2 + 1
,
Ca =
√
a2
a2 + 1
√
a1
a1 + 1
1
a1 + a2 + 2
,
Da = −
√
a1
a1 + 1
√
a1 + a2 + 3
a1 + a2 + 2
1
a2 + 1
,
Ea = −
√
a1
√
a1 + 2
√
a2
√
a2 + 2
(a2 + 1)(a1 + 1)
,
Fa =
√
a2 + 2
a2 + 1
√
a1 + a2 + 1
a1 + a2 + 2
1
a1 + 1
,
Ga = −
√
a1 + 2
a1 + 1
√
a2 + 2
a2 + 1
1
a1 + a2 + 2
,
Ha = −
√
a2
a2 + 1
√
a1 + a2 + 3
a1 + a2 + 2
1
a1 + 1
,
Ia −
√
a1 + a2 + 1
√
a1 + a2 + 3
√
a1
√
a1 + 2
(a1 + 1)(a1 + a2 + 2)
.
In the effective field theory limit, the hop off interaction becomes
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
λ
[
−
√
1 +
a0 + a1 + a2
N
|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
+
√
1 +
a0 + a1
N
1
a2
|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
+
√
1 +
a0 − 2
N
1
a1 + a2
|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
,
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
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λ[
−
√
1 +
a0 + a1 + a2
N
1
a2
|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
−
√
1 +
a0 + a1
N
|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
+
√
1 +
a0
N
1
a1
|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
,
H|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0;W (1)〉 =
−λ
[√
1 +
a0 + a1 + a2
N
1
a1 + a2
|{n1 = a0 + a1 + a2 + 1, n2 = a0 + a1, n3 = a0;W (2)〉
+
√
1 +
a0 + a1
N
1
a1
|{n1 = a0 + a1 + a2, n2 = a0 + a1 + 1, n3 = a0;W (2)〉
+
√
1 +
a0
N
|{n1 = a0 + a1 + a2, n2 = a0 + a1, n3 = a0 + 1;W (2)〉
]
.
B.3 Boundstate of four sphere giants
The hop off interaction for a boundstate of four sphere giants is
H|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1¯;W (1)〉 =
−λ [as|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3+1 = 1¯;W (2)〉
+bs|nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯, nb0+b1+b2+b3 = 1;W (2)〉
+cs|nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
+ ds|nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
]
,
H|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1¯, nb0+b1+b2+b3 = 1;W (1)〉 =
−λ [es|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3+1 = 1¯;W (2)〉
+fs|nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯, nb0+b1+b2+b3 = 1;W (2)〉
+gs|nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
+ hs|nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
]
,
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H|nb0 = 1, nb0+b1 = 1¯, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (1)〉 =
−λ [is|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3+1 = 1¯;W (2)〉
+js|nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯, nb0+b1+b2+b3 = 1;W (2)〉
+ks|nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
+ ls|nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
]
,
H|nb0 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (1)〉 =
−λ [ms|nb0 = 1, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3+1 = 1¯;W (2)〉
+ns|nb0 = 1, nb0+b1 = 1, nb0+b1+b2+1 = 1¯, nb0+b1+b2+b3 = 1;W (2)〉
+os|nb0 = 1, nb0+b1+1 = 1¯, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
+ ps|nb0+1 = 1¯, nb0+b1 = 1, nb0+b1+b2 = 1, nb0+b1+b2+b3 = 1;W (2)〉
]
,
where the coefficients in the above expressions, together with their effective field theory
limit are
as = −
√
1− b0 + b1 + b2 + b3
N
√
C1b3C
1
b2+b3+1
C1b2+b3+b1+2 → −
√
1− b0 + b1 + b2 + b3
N
,
bs =
√
1− b0 + b1 + b2 − 1
N
√
b1 + b2 + b3 + 2
b1 + b2 + b3 + 3
√
b2 + b3 + 1
b2 + b3 + 2
√
b1 + b2 + 3
b1 + b2 + 2
√
b2 + 2
b2 + 1
1
b3 + 1
→
√
1− b0 + b1 + b2
N
1
b3
,
cs =
√
1− b0 + b1 − 2
N
√
b1 + b2 + b3 + 2
b1 + b2 + b3 + 3
√
b3
b3 + 1
√
b1 + 2
b1 + 1
√
b2
b2 + 1
1
b2 + b3 + 2
→
√
1− b0 + b1
N
1
b2 + b3
,
ds =
√
1− b0 − 3
N
√
b2 + b3 + 1
b2 + b3 + 2
√
b1 + b2 + 1
b1 + b2 + 2
√
b1
b1 + 1
√
b3
b3 + 1
1
b1 + b2 + b3 + 3
,
→
√
1− b0
N
1
b1 + b2 + b3
,
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es = −
√
1− b0 + b1 + b2 + b3
N
√
b1 + b2 + b3 + 4
b1 + b2 + b3 + 3
√
b2
b2 + 1
√
b1 + b2 + 1
b1 + b2 + 2
√
b2 + b3 + 3
b2 + b3 + 2
1
b3 + 1
→ −
√
1− b0 + b1 + b2 + b3
N
1
b3
,
fs = −
√
1− b0 + b1 + b2 − 1
N
√
C1b2C
1
b3
C1b1+b2+1 → −
√
1− b0 + b1 + b2
N
,
gs =
√
1− b0 + b1 − 2
N
√
b1 + b2 + 1
b1 + b2 + 2
√
b3 + 2
b3 + 1
√
b1 + 2
b1 + 1
√
b2 + b3 + 1
b2 + b3 + 2
1
b2 + 1
→
√
1− b0 + b1
N
1
b2
,
hs =
√
1− b0 − 3
N
√
b3 + 2
b3 + 1
√
b2
b2 + 1
√
b1
b1 + 1
√
b1 + b2 + b3 + 2
b1 + b2 + b3 + 3
1
b1 + b2 + 2
→
√
1− b0
N
1
b1 + b2
,
is = −
√
1− b0 + b1 + b2 + b3
N
√
b1 + b2 + b3 + 4
b1 + b2 + b3 + 3
√
b1
b1 + 1
√
b2 + 2
b2 + 1
√
b3 + 2
b3 + 1
1
b2 + b3 + 2
→ −
√
1− b0 + b1 + b2 + b3
N
1
b2 + b3
,
js = −
√
1− b0 + b1 + b2 − 1
N
√
b1
b1 + 1
√
b2 + b3 + 3
b2 + b3 + 2
√
b3
b3 + 1
√
b1 + b2 + 2
b1 + b2 + 3
1
b2 + 1
→ −
√
1− b0 + b1 + b2
N
1
b2
,
ks = −
√
1− b0 + b1 − 2
N
√
C1b1C
1
b2
C1b2+b3+1 → −
√
1− b0 + b1
N
,
ls =
√
1− b0 − 3
N
√
b2 + 2
b2 + 1
√
b2 + b3 + 3
b2 + b3 + 2
√
b1 + b2 + 1
b1 + b2 + 2
√
b1 + b2 + b3 + 2
b1 + b2 + b3 + 3
1
b1 + 1
,
→
√
1− b0
N
1
b1
,
ms = −
√
1− b0 + b1 + b2 + b3
N
√
b1 + 2
b1 + 1
√
b1 + b2 + 3
b1 + b2 + 2
√
b3 + 2
b3 + 1
√
b2 + b3 + 3
b2 + b3 + 2
1
b1 + b2 + b3 + 3
→ −
√
1− b0 + b1 + b2 + b3
N
1
b1 + b2 + b3
,
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ns = −
√
1− b0 + b1 + b2 − 1
N
√
b1 + 2
b1 + 1
√
b1 + b2 + b3 + 4
b1 + b2 + b3 + 3
√
b3
b3 + 1
√
b2 + 2
b2 + 1
1
b1 + b2 + 2
→ −
√
1− b0 + b1 + b2
N
1
b1 + b2
,
os = −
√
1− b0 + b1 − 2
N
√
b1 + b2 + 3
b1 + b2 + 2
√
b1 + b2 + b3 + 4
b1 + b2 + b3 + 3
√
b2
b2 + 1
√
b2 + b3 + 1
b2 + b3 + 2
1
b1 + 1
→ −
√
1− b0 + b1
N
1
b1
,
ps = −
√
1− b0 − 3
N
√
C1b1C
1
b1+b2+1
C1b1+b2+b3+2 → −
√
1− b0
N
.
B.4 Boundstate of four AdS giants
The hop off interaction for a boundstate of four sphere giants is
H|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (1)〉 =
−λ [aa|n1 = a0 + a1 + a2 + a3 + 1, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (2)〉
+ba|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2 + 1, n3 = a0 + a1, n4 = a0;W (2)〉
+ca|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1 + 1, n4 = a0;W (2)〉
+ da|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0 + 1;W (2)〉
]
,
H|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (1)〉 =
−λ [ea|n1 = a0 + a1 + a2 + a3 + 1, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (2)〉
+fa|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2 + 1, n3 = a0 + a1, n4 = a0;W (2)〉
+ga|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1 + 1, n4 = a0;W (2)〉
+ ha|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0 + 1;W (2)〉
]
,
H|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (1)〉 =
−λ [ia|n1 = a0 + a1 + a2 + a3 + 1, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (2)〉
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+ja|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2 + 1, n3 = a0 + a1, n4 = a0;W (2)〉
+ka|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1 + 1, n4 = a0;W (2)〉
+ la|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0 + 1;W (2)〉
]
,
H|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (1)〉 =
−λ [ma|n1 = a0 + a1 + a2 + a3 + 1, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0;W (2)〉
+na|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2 + 1, n3 = a0 + a1, n4 = a0;W (2)〉
+oa|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1 + 1, n4 = a0;W (2)〉
+ pa|n1 = a0 + a1 + a2 + a3, n2 = a0 + a1 + a2, n3 = a0 + a1, n4 = a0 + 1;W (2)〉
]
,
where the coefficients in the above expressions, together with their effective field theory
limit are
aa =
√
1 +
a0 + a1 + a2 + a3
N
√
C1a3C
1
a2+a3+1
C1a2+a3+a1+2 →
√
1 +
a0 + a1 + a2 + a3
N
,
ba = −
√
1 +
a0 + a1 + a2 − 1
N
√
a1 + a2 + a3 + 2
a1 + a2 + a3 + 3
√
a2 + a3 + 1
a2 + a3 + 2
√
a1 + a2 + 3
a1 + a2 + 2
√
a2 + 2
a2 + 1
1
a3 + 1
→ −
√
1 +
a0 + a1 + a2
N
1
a3
,
ca = −
√
1 +
a0 + a1 − 2
N
√
a1 + a2 + a3 + 2
a1 + a2 + a3 + 3
√
a3
a3 + 1
√
a1 + 2
a1 + 1
√
a2
a2 + 1
1
a2 + a3 + 2
→ −
√
1 +
a0 + a1
N
1
a2 + a3
,
da = −
√
1 +
a0 − 3
N
√
a2 + a3 + 1
a2 + a3 + 2
√
a1 + a2 + 1
a1 + a2 + 2
√
a1
a1 + 1
√
a3
a3 + 1
1
a1 + a2 + a3 + 3
,
→ −
√
1 +
a0
N
1
a1 + a2 + a3
,
ea =
√
1 +
a0 + a1 + a2 + a3
N
√
a1 + a2 + a3 + 4
a1 + a2 + a3 + 3
√
a2
a2 + 1
√
a1 + a2 + 1
a1 + a2 + 2
√
a2 + a3 + 3
a2 + a3 + 2
1
a3 + 1
→
√
1 +
a0 + a1 + a2 + a3
N
1
a3
,
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fa =
√
1 +
a0 + a1 + a2 − 1
N
√
C1a2C
1
a3C
1
a1+a2+1 →
√
1 +
a0 + a1 + a2
N
,
ga = −
√
1 +
a0 + a1 − 2
N
√
a1 + a2 + 1
a1 + a2 + 2
√
a3 + 2
a3 + 1
√
a1 + 2
a1 + 1
√
a2 + a3 + 1
a2 + a3 + 2
1
a2 + 1
→ −
√
1 +
a0 + a1
N
1
a2
,
ha = −
√
1 +
a0 − 3
N
√
a3 + 2
a3 + 1
√
a2
a2 + 1
√
a1
a1 + 1
√
a1 + a2 + a3 + 2
a1 + a2 + a3 + 3
1
a1 + a2 + 2
→ −
√
1 +
a0
N
1
a1 + a2
,
ia =
√
1 +
a0 + a1 + a2 + a3
N
√
a1 + a2 + a3 + 4
a1 + a2 + a3 + 3
√
a1
a1 + 1
√
a2 + 2
a2 + 1
√
a3 + 2
a3 + 1
1
a2 + a3 + 2
→
√
1 +
a0 + a1 + a2 + a3
N
1
a2 + a3
,
ja =
√
1 +
a0 + a1 + a2 − 1
N
√
a1
a1 + 1
√
a2 + a3 + 3
a2 + a3 + 2
√
a3
a3 + 1
√
a1 + a2 + 2
a1 + a2 + 3
1
a2 + 1
→
√
1 +
a0 + a1 + a2
N
1
a2
,
ka =
√
1 +
a0 + a1 − 2
N
√
C1a1C
1
a2
C1a2+a3+1 →
√
1 +
a0 + a1
N
,
la = −
√
1 +
a0 − 3
N
√
a2 + 2
a2 + 1
√
a2 + a3 + 3
a2 + a3 + 2
√
a1 + a2 + 1
a1 + a2 + 2
√
a1 + a2 + a3 + 2
a1 + a2 + a3 + 3
1
a1 + 1
,
→ −
√
1 +
a0
N
1
a1
,
ma =
√
1 +
a0 + a1 + a2 + a3
N
√
a1 + 2
a1 + 1
√
a1 + a2 + 3
a1 + a2 + 2
√
a3 + 2
a3 + 1
√
a2 + a3 + 3
a2 + a3 + 2
1
a1 + a2 + a3 + 3
→
√
1 +
a0 + a1 + a2 + a3
N
1
a1 + a2 + a3
,
na =
√
1 +
a0 + a1 + a2 − 1
N
√
a1 + 2
a1 + 1
√
a1 + a2 + a3 + 4
a1 + a2 + a3 + 3
√
a3
a3 + 1
√
a2 + 2
a2 + 1
1
a1 + a2 + 2
→
√
1 +
a0 + a1 + a2
N
1
a1 + a2
,
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oa =
√
1 +
a0 + a1 − 2
N
√
a1 + a2 + 3
a1 + a2 + 2
√
a1 + a2 + a3 + 4
a1 + a2 + a3 + 3
√
a2
a2 + 1
√
a2 + a3 + 1
a2 + a3 + 2
1
a1 + 1
→
√
1 +
a0 + a1
N
1
a1
,
pa =
√
1 +
a0 − 3
N
√
C1a1C
1
a1+a2+1C
1
a1+a2+a3+2 →
√
1 +
a0
N
.
C. Dual Description for AdS Giants
In section 3.1.2 we have associated a lattice state to each Young diagram. Recall that
we denote the number of boxes in row i by ri. The lattice state corresponding to a
particular Young diagram is obtained by interpreting ni = ri−ri+1 ≥ 0 as an occupation
number for lattice site i. Note that we set rN+1 = 0. This description is simple because
• The lattice is not dynamical; it has a fixed total of N sites. This is a consequence
of the fact that a Young diagram has at most N rows.
• At leading order at large N , the number of particles on the lattice when describing
a bound state of sphere giants is fixed.
This description is less convenient for the description of a bound state of AdS
giants, because even at leading order in the large N limit, the number of particles on
the lattice fluctuates. In this appendix we will suggest an alternative lattice description
of the AdS giant bound states. We have not yet developed this description in detail.
The advantage of the new description, is that at leading order, in the large N limit, we
obtain a description for which the lattice is not dynamical and the number of particles
on the lattice is again fixed.
Let ci denote the number of boxes in the ith column. Our alternative lattice
description is obtained by setting the occupation number of lattice site i equal to
ni = ci − ci+1.
There are two features of this new lattice description that we would like to stress
• Since there is no bound on the number of columns in a Young diagram, it is best
to phrase the description in terms of the lattice obtained by accounting only for
the occupied columns. The number of occupied columns can change, so that this
leads to a dynamical lattice description.
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• One can have at most N boxes in any column, implying that there is a bound of
N on the number of particles that can occupy any given lattice site.
The total U(1) R charge K which is equal to the number of Zs in the giant plus
the number of Zs in the string, is fixed. By placing all of the Zs in the first row we
can reach at most the Kth lattice site. Thus, we can work on a lattice of ≤ K sites.
Further, at leading order in the large N limit, processes that change the number of
rows in the Young diagram are suppressed, so that the number of particles occupying
the lattice is fixed at leading order. The bound on the number of particles allowed to
occupy any given site is easily accounted for by employing the q-deformed algebra[33]
aˆ†|n〉 =
√
[n+ 1]|n+ 1〉, aˆ|n〉 =
√
[n]|n− 1〉,
with
[n] ≡ 1− q
n
1− q , q = e
2pii
N+1 .
We need to use this representation for both the Cuntz oscillators Aˆi and the open string
operators Wˆi, since the bound is on the sum of particle plus open string number. For
O(1) AdS giants (which is the case we have in mind), this bound on the number of
particles in each site can be neglected and we can use the usual Cuntz oscillators.
The lattice state is described by listing the occupation numbers for the occupied
sites. The site occupied by the open string is indicated with a bar. Thus, as an example
of the new notation, we have
w
↔ {n4 = 1, n9 = 1¯}.
Using this new lattice description, the hop off interaction for a boundstate of two AdS
giants, for example, can be expressed as
H|{na0+a1 = 1, na0 = 1};W (1)〉 = −λ
[√
1 +
a0 + a1
N
√
C1a1 |{na0+a1+1 = 1, na0 = 1};W (2)〉
+
√
1 +
a0
N
1
a1 + 1
|{na0+a1 = 1, na0+1 = 1};W (2)〉
]
,
H|{na0+a1 = 1, na0 = 1};W (1)〉 = −λ
[√
1 +
a0
N
√
C1a1 |{na0+a1 = 1, na0+1 = 1};W (2)〉
−
√
1 +
a0 + a1
N
1
a1 + 1
|{na0+a1+1 = 1, na0 = 1};W (2)〉
]
.
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